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Gravitational Waves

Gravitational Waves

Gravitational waves direct observations are expected very soon.
Unprecedented field strengths will likely bring new theoretical and
astrophysical understanding.

Gravitational wave signals from inspiralling binaries have a rich stucture;
the signal accumulates over long a time period: we need accurate
templates capable of tracking the phase of the signal.

The parameter space has high dimensionality (9-D, 15-D, 17-D): we need
fast templates in order to explore it.

Spin-induced precession breaks degeneracies: greatly improves parameter
estimation.
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Precessing Binaries

Spin-Orbit Precession

Binaries of spinning objects undergo precession

L

S2

S1

m1

m2
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Precessing Binaries

Equations of motion

PN parameter

v = (Mω)1/3

v̇ = v9
∑
n≥0

anv
n ⇐⇒ Trr = O(v−8)

φ̇orb = v3 ⇐⇒ Torb = O(v−3)

˙̂L = v6 (A1S1 + A2S2)× L̂
Ṡ1 = v5A1L̂× S1 + v6A12S2 × S1

Ṡ2 = v5A2L̂× S2 + v6A12S1 × S2

 ⇐⇒ Tprec = O(v−5)
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Precessing Binaries

Solution in the absence of radiation reaction

Equations of precession can be solved analytically, in absence of radiation
reaction, in orbit-averaged form, at leading post-Newtonian order [Kesden
et al., Phys. Rev. Lett. 114, 081103 (2015)].

Torb and Trr disappear from system.

First step: identify constants of motion.

Second step: identify suitable parametrization.
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Precessing Binaries

Constants of motion

Equations of precession without radiation reaction:
9 parameters L, S1, S2.

Norms are conserved: 3 conserved quantities.

J = L + S1 + S2 is conserved: 3 conserved quantities.

ξ = L · (S1/m1 + S2/m2) is conserved.

Two dynamical quantities.
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Precessing Binaries

Choice of frames

z

y

x

~J

~L

~S
θL

~S1

~S2

θ′

φ′

φz

Choice of frames: ẑ = Ĵ , ẑ ′ = Ŝ .
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Precessing Binaries

Choice of frames

Because of conserved quantities, we can select two parameters to describe
the evolution: φz and S .
E.g. S = J − L =⇒ J2 + L2 − 2JL cos θL = S2.
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Precessing Binaries

Evolution of S

Equations of motion:

(
dS2

dt

)2

= −A2
(
S2 − S2

+

) (
S2 − S2

−
) (

S2 − S2
3

)
.

Solution:

S2 = S2
+ + (S2

− − S2
+) sn2(ψ,m),

ψ̇ =
A

2

√
S2

+ − S2
3 ,

m =
S2

+ − S2
−

S2
+ − S2

3

.

Antoine Klein (OleMiss) Analytic precession Paris ’16 8 / 33



Precessing Binaries

Evolution of S

Equations of motion:

(
dS2

dt

)2

= −A2
(
S2 − S2

+

) (
S2 − S2

−
) (

S2 − S2
3

)
.

Solution:

S2 = S2
+ + (S2

− − S2
+) sn2(ψ,m),

ψ̇ =
A

2

√
S2

+ − S2
3 ,

m =
S2

+ − S2
−

S2
+ − S2

3

.

Antoine Klein (OleMiss) Analytic precession Paris ’16 8 / 33



Precessing Binaries

Evolution of S
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Precessing Binaries

Evolution of φz

Equations of motion:

φ̇z = a +
c0 + c2S

2 + c4S
4

d0 + d2S2 + d4S4
.

Analytic solution: a complicated combination of elliptic integrals.
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Precessing Binaries

Analytic solution

This represents an exact fully analytic solution to the equations of
precession.

Orbit-averaged equations.

Leading order spin-orbit and spin-spin.

No radiation reaction.
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Radiation reaction

Addition of radiation reaction

With radiation reaction, another timescale appears in the problem:
Trr � Tprec : multiple scale analysis.

Separation of time variable into two different ones:
f (t)→ f (tlong , tshort).

Differential operators become d/dt → ∂/∂tlong + ∂/∂tshort .

Introduce bookkeeping parameter ε so that tlong = εtshort .

Expand solutions in powers of ε:
f (tlong , tshort)→

∑
n ε

nf (n)(tlong , tshort).

Solve equations order by order.
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Radiation reaction

Constants

Some constants stay constant under radiation reaction: S1, S2, and ξ,
while others don’t: L, J, and Ĵ .

L evolves through PN equation and varies on Trr alone, but J and Ĵ vary
on both Trr and Tprec .

To be able to use the solution previously found, we need to use 〈J〉prec to
describe the solution, so that J(trr ).
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Radiation reaction

Solution for L

Solution for L is very simple: L = µ/v

v̇ = v9
∑
n≥0

anv
n

Catch: a3 and higher depend on tprec through the spin couplings.

We can use the precession-averaged spin couplings instead so that L
depends on trr only.

v � 1 =⇒ solve order by order.
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Radiation reaction

Solution for J

Angular momentum is emitted along L. Thus, J̇ = AL̂.

We can write dJ/dt = Ĵ · J̇ and dL/dt = L̂ · J̇ .

〈
dJ

dL

〉
prec

=
〈
Ĵ · L̂

〉
prec

=
1

2JL

(
J2 + L2 −

〈
S2
〉
prec

)
.

Solution

J2(L) = L2 + CL− L

∫ 〈
S2
〉
prec

L2
dL.
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Radiation reaction

Solution for S

S varies on multiple timescales: S2(trr , tprec) =
∑

n≥0 ε
nS2

n (trr , tprec).

Evolution equation becomes∑
n≥0

(
εn

∂S2
n

∂tprec
+ εn+1∂S

2
n

∂trr

)2

= −A2(trr )[S2(trr , tprec)− S2
+(trr )]

× [S2(trr , tprec)− S2
−(trr )][S2(trr , tprec)− S2

3 (trr )].
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Radiation reaction

Solution for S

Leading order equation(
∂S2

0

∂tprec

)2

= −A2(trr )[S2
0 (trr , tprec)− S2

+(trr )]

× [S2
0 (trr , tprec)− S2

−(trr )][S2
0 (trr , tprec)− S2

3 (trr )].

We know solution

S2
0 = S2

+(trr ) +
[
S2
−(trr )− S2

+(trr )
]
sn[ψ(trr , tprec),m(trr )],

with

ψ̇ =
A(rr)

2

√
S2

+(trr )− S2
3 (trr ).
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Radiation reaction

Solution for φz

φz varies on multiple timescales: φz(trr , tprec) =
∑

n≥−1 ε
nφ

(n)
z (trr , tprec).

Same treatment, except:

∑
n≥−1

(
εn
∂φ

(n)
z

∂tprec
+ εn+1∂φ

(n)
z

∂trr

)
= Ωz [S(trr , tprec), L(trr ), J(trr )].

Antoine Klein (OleMiss) Analytic precession Paris ’16 18 / 33



Radiation reaction

Solution for φz

φz varies on multiple timescales: φz(trr , tprec) =
∑

n≥−1 ε
nφ

(n)
z (trr , tprec).

Same treatment, except:

∑
n≥−1

(
εn
∂φ

(n)
z

∂tprec
+ εn+1∂φ

(n)
z

∂trr

)
= Ωz [S(trr , tprec), L(trr ), J(trr )].

Antoine Klein (OleMiss) Analytic precession Paris ’16 18 / 33



Radiation reaction

Solution for φz

O(ε−1):

1

ε

∂φ
(−1)
z

∂tprec
= 0

φ
(−1)
z = φ

(−1)
z (trr ).
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Radiation reaction

Solution for φz

O(ε0):

∂φ
(0)
z

∂tprec
+
∂φ

(−1)
z

∂trr
= Ω

(0)
z (tprec , trr ).

Averaging over Tprec :

dφ
(−1)
z

dtrr
+

〈
∂φ

(0)
z

∂tprec

〉
prec

=
〈

Ω
(0)
z

〉
prec
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Radiation reaction

Solution for φz

O(ε0):
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Radiation reaction

Solution for φz

Common in multiple scale analysis: freedom to choose φ
(0)
z (trr , tprec).

To cancel secular terms, set

〈
∂φ

(0)
z

∂tprec

〉
prec

= 0.

dφ
(−1)
z

dtrr
=
〈

Ω
(0)
z

〉
prec

(trr ).

Regular post-Newtonian integration.
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Radiation reaction

Solution for φz

∂φ
(0)
z

∂tprec
= Ω

(0)
z (tprec , trr )−

〈
Ω

(0)
z

〉
prec

.

We can use the previous solution, provided we subtract the precession
average.
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Radiation reaction

Analytic solution

This represents an approximate fully analytic solution to the equations of
precession.

Orbit-averaged equations.

Leading order spin-orbit and spin-spin.

Radiation reaction present.
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Waveform building

Waveform

To have an efficient waveform, we need it in the Fourier domain.

To achieve that, important to separate different timescales.

The signal observed by a detector can be expressed by

h(t) = Re [(F+ + iF×)(h+ − ih×)]

Antoine Klein (OleMiss) Analytic precession Paris ’16 24 / 33



Waveform building

Waveform

To have an efficient waveform, we need it in the Fourier domain.

To achieve that, important to separate different timescales.

The signal observed by a detector can be expressed by

h(t) = Re [(F+ + iF×)(h+ − ih×)]

Antoine Klein (OleMiss) Analytic precession Paris ’16 24 / 33



Waveform building

Waveform

To have an efficient waveform, we need it in the Fourier domain.

To achieve that, important to separate different timescales.

The signal observed by a detector can be expressed by

h(t) = Re [(F+ + iF×)(h+ − ih×)]

Antoine Klein (OleMiss) Analytic precession Paris ’16 24 / 33



Waveform building

Waveform

To be able to separate timescales, choose antenna pattern functions F+,×
aligned with J .

Waveform decomposed in spin-weighted spherical harmonic basis

h+ − ih× =
∑
l≥2

l∑
m=−l

H lm(ι, θs , φs)e−imφorb .

Solution for φorb similar to solution for L.
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Waveform building

Waveform

H lm = hlm(ι)
l∑

m′=−l
D l
m′,m(θL, φz , ζ)−2Ylm′(θs , φs),

with ζ̇ = cos θLφ̇z .

Solution for ζ similar to solution for φz .
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Waveform building

Waveform

To compute the Fourier transform, use SUA:

h̃(f ) =
√

2π
∑
m≥1

Tme
2πiftm−mΦ−π/4

×
∑
l≥2

kmax∑
k=−kmax

ak,kmax

2− δk,0
Hlm(tm + kTm)
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Waveform building

Comparisons: neutron star-neutron star
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Waveform building

Comparisons: neutron star-black hole
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Waveform building

Comparisons: black hole-black hole
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Waveform building

Last problem: φz and ζ

Equation of motion for φz :

φ̇z = a +
c0 + c2S

2 + c4S
4

d0 + d2S2 + d4S4
.

When a root of the denominator polynomial is small, we run into problems.

Solution still to be found.
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Conclusion

Conclusion

With the imminent detection of gravitational waves, important to
have fast and accurate waveforms for detection and parameter
estimation.

Accurate, fully analytic Fourier-domain waveform almost complete.

More accurate precession: next-to-leading order spin-spin terms?
Conserved quantity ξ still present?
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Thank you!
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