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New frontiers with 21cm cosmology

much shorter than a day, invalidating the static sky ap-
proximation that underlies rotation synthesis. This was the
key motivation behind the aforementioned Waseda tele-
scope [4–6].

IV. APPLICATION TO 21 CM TOMOGRAPHY

In the previous section we discussed the pros and cons of
the FFTT telescope, and found that its main strength is for
mapping below about 1 GHz when extreme sensitivity is
required. This suggests that the emerging field of 21 cm
tomography is an ideal first science application of the
FFTT: it requires sky mapping in the sub-GHz frequency
range, and the sensitivity requirements, especially to im-
prove cosmic microwave background constraints on cos-
mological parameters, are far beyond what has been
achieved in the past [18,36–38].

A. 21 cm tomography science

It is becoming increasingly clear that 21 cm tomography
has great scientific potential for both astrophysics [12–
15,35] and fundamental physics [18,36–39]. The basic
idea is to produce a three-dimensional map of the matter
distribution throughout our Universe through precision
measurements of the redshifted 21 cm hydrogen line. For
astrophysics, much of the excitement centers around prob-
ing the cosmic dark ages and the subsequent epoch of
reionization caused by the first stars. Here we will focus
mainly on fundamental physics, as this arguably involves
both the most extreme sensitivity requirements and the
greatest potential for funding extremely sensitive
measurements.

1. Three physics frontiers

Future measurements of the redshifted 21 cm hydrogen
line have the potential to probe hitherto unexplored regions
of parameter space, pushing three separate frontiers: time,
scale, and sensitivity. Figure 5 shows a scaled sketch of our
observable Universe, our Hubble patch. It serves to show
the regions that can be mapped with various cosmological
probes, and illustrates that the vast majority of our observ-
able universe is still not mapped. We are located at the
center of the diagram. Galaxies [from the Sloan Digital
Sky Survey (SDSS) in the plot] map the distribution of
matter in a three-dimensional region at low redshifts. Other
popular probes like gravitational lensing, supernovae Ia,
galaxy clusters and the Lyman ! forest are currently also
limited to the small volume fraction corresponding to red-
shifts & 3 or less, and in many cases much less. The CMB
can be used to infer the distribution of matter in a thin shell
at the so-called ‘‘surface of last scattering’’, whose thick-
ness corresponds to the width of the black circle at z!
1100 and thus covers only a tiny fraction of the total
volume. The region available for observation with the
21 cm line of hydrogen is shown in light blue/grey.

Clearly the 21 cm line of hydrogen has the potential of
allowing us to map the largest fraction of our observable
universe and thus obtain the largest amount of cosmologi-
cal information.
At the high redshift end (z * 30) the 21 cm signal is

relatively simple to model as perturbations are still linear
and ‘‘gastrophysics’’ related to stars and quasars is ex-
pected to be unimportant. At intermediate times, during
the epoch of reionization (EOR) around redshift z! 8, the
signal is strongly affected by the first generation of sources
of radiation that heat the gas and ionize hydrogen.
Modeling this era requires understanding a wide range of
astrophysical processes. At low redshifts, after the epoch of
reionization, the 21 cm line can be used to trace neutral gas
in galaxies and map the large-scale distribution of those
galaxies.

2. The time frontier

Figure 5 illustrates that observations of the 21 cm line
from the EOR and higher redshifts would map the distri-
bution of hydrogen at times where we currently have no
other observational probe, pushing the redshift frontier.
Measurements of the 21 cm signal as a function of redshift
will constrain the expansion history of the universe, the
growth rate of perturbations and the thermal history of the
gas during an epoch that has yet to be probed.

FIG. 5 (color online). 21 cm tomography can potentially map
most of our observable universe (light blue/gray), whereas the
CMB probes mainly a thin shell at z " 1100 and current large-
scale structure maps (here exemplified by the Sloan Digital Sky
Survey and its luminous red galaxies) map only small volumes
near the center. Half of the comoving volume lies at z > 29
(Appendix B). This paper focuses on the convenient 7 & z & 9
region (dark blue/grey).
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The time frontier:

CMB: thin shell around z=1100
LSS: z ≲ 1
dark ages 21cm: 30≲ z ≲200

•Expansion history H(z)

•Thermal history T(z)

•Dark matter annihilation/decay

•Change of fundamental constants



New frontiers with 21cm cosmology

(i) Tests of the standard model predictions for our cos-
mic thermal history TðzÞ, expansion history HðzÞ
(which can be measured independently using both
expansion and the angular diameter distances), and
linear clustering growth.

(ii) Constraints on modified gravity from the above-
mentioned measurements of HðzÞ and clustering
growth.

(iii) Constraints on decay or annihilation of dark matter
particles, or any other long-lived relic, from the
above-mentioned measurement of our thermal his-
tory [40–42]. Here 21 cm is so sensitive that even the
expected annihilation of ‘‘vanilla’’ neutralino WIMP
cold dark matter may be detectable [42].

(iv) Constraints on evaporating primordial black holes
from the thermal history measurement [43].

(v) Constraints on time-variation of fundamental physi-
cal constants such as the fine structure constant [44].

3. The scale frontier

These observations can potentially push the ‘‘scale fron-
tier’’, significantly extending the range of scales that are
accessible to do cosmology. This is illustrated in Fig. 6,
where the scales probed by different techniques are com-
pared to what is available in 21 cm. Neutral hydrogen is a

good probe of the small scales for two separate but related
reasons. First, one can potentially make observations at
higher redshifts, where more of the scales of interest are in
the linear regime and thus can be better modeled. Second,
at early times in the history of our Universe, hydrogen is
still very cold and thus its distribution is expected to trace
that of the dark matter up to very small scales, the so-called
Jeans scale, where pressure forces in the gas can compete
with gravity [45].
(i) Precision tests of inflation, since smaller scales pro-

vide a longer lever arm for constraining the spectral
index and its running (illustrated in Fig. 6) for the
power spectrum of inflationary seed fluctuations [18]

(ii) Precision tests of inflation by constraining small-
scale non-Gaussianity [46].

(iii) Precision constraints on noncold dark matter from
probing galactic scales while they were still linear.

4. The sensitivity frontier

This combination of a large available volume with the
presence of fluctuations on small scales that can be used to
constrain cosmology implies that the amount of informa-
tion that at least in principle can be obtained with the 21 cm
is extremely large. This can be illustrated by calculating
the number of Fourier modes available to do cosmology
that can be measured with this technique. This number can
be compared with the number of modes measured to date
with various other techniques such as galaxy surveys, the
CMB, etc. In Fig. 7, we show the number of modes
measured by past surveys and some planned probes includ-
ing 21 cm experiments.6 The figure illustrates a trend akin
to Moore’s law: exponential progress as a function of year.
It is striking that the improvement of the 1 km2 FFTT over
WMAP is comparable to that of WMAP over COBE.
Moreover, the ultimate number of modes available to be
observed with 21 cm tomography is dramatically larger
still, upward of 1016, so although many practical issues will
most certainly limit what can be achieved in the near
future, the ultimate potential is vast.
The FFTT sensitivity improvement translates into better

measurement accuracy for many of the usual cosmological
parameters. It has been shown that even the limited redshift
range 7 & z & 9 (dark shading in Fig. 5) has the potential
to greatly improve on cosmic microwave background con-

FIG. 6 (color online). 21 cm tomography can push the scale
frontier far beyond that of current measurements of cosmic
clustering, potentially all the way down to the Jeans scale at
the right edge of the figure. This allows distinguishing between a
host of alternative inflation and dark matter models that are
consistent with all current data, for example, a warm dark matter
with mass 14 keV (dashed curve) or greater and inflation with a
running spectral index more extreme than dns=d lnk ¼ $0:03
(dotted).

6Although the number of modes gives an estimate of the
statistical power of a survey, constraints on specific parameters
will depend on how strongly each of the power spectra varies as a
function of the parameter of interest. Furthermore, when con-
sidering probes such as the Lyman-! forest that probes modes in
the nonlinear regime, our numbers based on the Gaussian
formula overestimates the constraining power. In constructing
this figure, only modes in the linear regime k < 0:1 hMpc$1

were included for galaxy surveys. These are the range of modes
that are typically used for doing cosmology. If the galaxy
formation process becomes sufficiently well understood it may
become feasible to increase the number of useful modes.
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The scale frontier:

CMB: k ≲ kSilk ~ 0.15 Mpc-1

LSS: k ≲ kNL ~ 0.1 Mpc-1 at z = 0
21cm: k ≲ kJeans ~ 300 Mpc-1

•Tests of inflation with ns, running

•Warm dark matter

•Non-gaussianities
Tegmark & Zaldarriaga 2009



• No stars or other luminous sources have formed yet

• Growth of density perturbations can be accurately 
described by (linear) perturbation theory.

• Physics is still very simple!

• For effect at z ≲ 30, see Fialkov et al. (2011-2013)

The cosmic dark ages (30 ≲ z ≲ 1000)



21cm line basics

Spin temperature:  

F = 0

F = 1 E10 = 6 μeV = 68 mK

ν10 = 1420 MHz

λ10 = 21.1cm
A10 = 2.85e-15 s-1 = (11 Myr)-1 
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21cm brightness temperature
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21cm optical depth
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Spin temperature

F = 0

F = 1
collisions 
Ts →Tgas

photon 
emission/

absorption
Ts →Tcmb
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Average spin temperature
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Brief recap

What is measured: Tb = ⌧(Ts � Tcmb)

⌧ / nH
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Ts(nH, Tgas)

To linear order:
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@ log nH
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H
+
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�Tgas

Tgas

Angular fluctuations of Tb probe the 
underlying density power spectrum

nH = nH(1 + �b)



Figure 2 shows the angular power spectrum at various
redshifts. The ability to probe the small-scale power of
density fluctuations is limited only by the Jeans scale,
below which the dark matter inhomogeneities are washed
out by the finite pressure of the gas. Interestingly, the
cosmological Jeans mass reaches its minimum value,
!3" 104M#, within the redshift interval of interest
here [2]. During the epoch of reionization, photoioniza-
tion heating raises the Jeans mass by several orders of
magnitude and broadens spectral features, thus limiting
the ability of other probes of the intergalactic medium,
such as the Ly! forest, from accessing the same very low
mass scales. The 21 cm tomography has the additional
advantage of probing the majority of the cosmic gas,
instead of the trace amount (!10$5) of neutral hydrogen
probed by the Ly! forest after reionization. Similar to the
primary CMB anisotropies, the 21 cm signal is simply
shaped by gravity, adiabatic cosmic expansion, and well-
known atomic physics, and is not contaminated by com-
plex astrophysical processes that affect the intergalactic
medium at z & 30.

The small-scale power spectrum.—In most models of
inflation, the evolution of the Hubble parameter during
inflation leads to departures from a scale-invariant spec-
trum that are of order 1=Nefold with Nefold ! 60 being the
number of e-folds between the time when the scale of our
horizon was of order the horizon during inflation and the
end of inflation [11]. Recent WMAP data combined with
other measures of the power on smaller scales suggest that
the power spectrum changes with scale much faster than
inflation would have predicted [7], although this result is
still somewhat controversial. Independent hints that the
standard !CDM model may have too much power on
galactic scales have inspired several proposals for sup-
pressing the power on small scales. Examples include the
possibility that the dark matter is warm and it decoupled
while being relativistic so that its free streaming erased

small-scale power [8], or direct modifications of inflation
that produce a cutoff in the power on small scales [12]. An
unavoidable collisionless component of the cosmic mass
budget beyond cold dark matter is provided by massive
neutrinos (see [13] for a review). Particle physics experi-
ments established the mass splittings among different
species, which translate into a lower limit on the fraction
of the dark matter accounted for by neutrinos of f" >
0:3%, while current constraints based on galaxies as
tracers of the small-scale power imply f" < 12% [14].

In Fig. 3 we show the 21 cm power spectrum for
various models that differ in their level of small-scale
power. It is clear that a precise measurement of the 21 cm
power spectrum will dramatically improve current con-
straints on alternatives to the standard !CDM spectrum.

Unprecedented information.—The 21 cm signal con-
tains a wealth of information about the initial fluctua-
tions. A full sky map at a single photon frequency
measured up to lmax, can probe the power spectrum up
to kmax ! %lmax=104& Mpc$1. Such a map contains l2max
independent samples. By shifting the photon frequency,
one may obtain many independent measurements of the
power. When measuring a mode l, which corresponds to a
wave number k! l=r, two maps at different photon fre-
quencies will be independent if they are separated in
radial distance by 1=k. Thus, an experiment that covers
a spatial range "r can probe a total of k"r! l"r=r
independent maps. An experiment that detects the 21 cm
signal over a range "" centered on a frequency " is
sensitive to "r=r! 0:5%""="&%1' z&$1=2, and so it mea-
sures a total of N21 cm ! 3" 1016%lmax=106&3%""="& "
%z=100&$1=2 independent samples.

FIG. 2 (color online). Angular power spectrum of 21 cm
anisotropies on the sky at various redshifts. From top to
bottom, z ( 55; 40; 80; 30; 120; 25; 170.

FIG. 3 (color online). Upper panel: Power spectrum of 21 cm
anisotropies at z ( 55 for a !CDM scale-invariant power
spectrum, a model with n ( 0:98, a model with n ( 0:98
and !r ) 1

2 %d2 lnP=d lnk2& ( $0:07, a model of warm dark
matter particles with a mass of 1 keV, and a model in which
f" ( 10% of the matter density is in three species of massive
neutrinos with a mass of 0:4 eV each. Lower panel: Ratios
between the different power spectra and the scale-invariant
spectrum.
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28 MAY 2004VOLUME 92, NUMBER 21
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Previous studies

Loeb & Zaldarriaga 2004
(Only included the δb term) 

pole source fluctuations and redshift distortions.2 Except
on very large scales the next most important term is from
the CMB dipole in the rest frame of the gas, which gives
percent-level contribution at l < 50 for the redshift shown
here, but is negligible on much smaller scales.3 At (l <
100) the contribution from the potential and other velocity
terms is also not entirely negligible. The contributions
from the CMB temperature anisotropy above the dipole,
and reionization rescattering sources, are completely neg-
ligible on all scales. At lower redshifts the background
signal becomes smaller, and the relative importance of
the terms changes. The background signal depends on
!Ts ! !T!, but some of the perturbation sources depend
only on the 21 cm optical depth and are nonzero even
when the spin temperature is equal to the CMB tempera-
ture. As an extreme example, Fig. 7 shows the relatively
large contribution from the photon-baryon dipole at z " 20
on large scales if there were no additional sources from
nonlinear structures.

Note that just because something does not show up in a
narrow frequency window autopower spectrum at a given
redshift does not mean that it is necessarily negligible. The
correlation between source planes at a given l falls off very
rapidly once the plane separation is greater than character-

istic perturbation size "=l. Extra information may there-
fore be available in the cross-power spectra, particularly
about small large-scale signals that are correlated between
redshift bins. The effect of different frequency window
functions is shown in Fig. 8. Here the baryon oscillations
only show up when the window is wide enough to damp
down the large smaller-scale fluctuations so that the power
on baryon oscillation scales is not dominated by contribu-
tions from smaller scales. When narrow frequency win-
dows are used this information is hidden in the cross-
correlation structure of the different source planes.

The white-noise signal on large scales can be reduced by
averaging over many redshift slices. Figure 6 shows the
relative importance of the various terms on large scales
when a broad redshift window function is used. Redshift
distortions from scales smaller than the bin width are sup-
pressed, and the large-scale white-noise monopole signal is
reduced because of the line-of-sight averaging of small-
scale power. The relative importance of the additional
terms is therefore larger. This raises the question of
whether the large-scale 21 cm signal can be useful, for
example, to learn about large-scale power or as a source for
the integrated Sachs-Wolfe effect (ISW). There are two
main problems. First, a very broad window function is
required to make the extra terms comparable to the mono-
pole source, and residual monopole and redshift-distortion
signals will generally dominate. Second, since the dark-age
redshift shells are * 3=4 of the comoving distance to the
last scattering surface, large-angle correlations, such as
those due to Sachs-Wolfe potential redshifting, will be
strongly correlated between redshift slices and correlated
with the large-scale CMB. As an averaged source plane for
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FIG. 8 (color online). The 21 cm power spectrum at z " 50 for
"# " f1; 0:1; 0:01; 0g MHz (bottom to top). Large widths sup-
press the redshift-distortion contribution and allow the baryon
oscillations to be seen. All show characteristic damping due to
line-of-sight averaging over the bin width at l * "="", and the
effect of baryon pressure at l * 5# 106.
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FIG. 7 (color online). The large-scale 21 cm power spectrum
at z " 20 and z " 30 ("# " 0:01 MHz) if there were no
Lyman-$ sources, shock heating, minihaloes, or other nonlinear
effects. Solid lines are the full linear result, dashed lines include
only monopole and redshift-distortion sources. The difference is
dominated by the baryon-photon velocity term.

2Note that at the percent level it is important to use the baryon
rather than CDM velocity when calculating the redshift
distortions.

3Note that although the CMB dipole signal has only a small
effect on the dark-age 21 cm power spectrum, it may make a
larger contribution to the correlation with other sources, for
example the cross correlation with the CMB temperature during
reionization (cf. Ref. [30]).
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The relative velocity effect
(Tseliakhovich & Hirata 2010)

• Prior to recombination, baryons tightly coupled 
to photon ⇒ acoustic oscillations.

• Meanwhile, the CDM perturbations grow under 
their own gravity.

• After recombination, for k < kJeans, baryons and 
CDM perturbations grow together, BUT

 At z = zrec ≈ 1000, very different “initial 
conditions” for baryons and CDM.
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Relative velocity power spectrum
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• Characteristic scale of suppression: 

• Larger that the Jeans scale: 

• The effect is fundamentally non-linear:

• Thanks to large separation of scales, one may still use 
perturbation theory around a given background 
relative velocity (Tseliakhovich & Hirata 2010)

kvbc ⇠
aH

v
bc

⇡ 40 Mpc�1 � k
coh

⇠ 0.3 Mpc�1

0 = �̇ + ~r · ~v +~v ·r�

kJeans ⇠
aH

cs
⇠ 200 Mpc�1 with cs ⇡ 6 km/s



• Fluid equations in the local baryon rest frame 

Method of computation
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linear evolution of small-scale perturbations in Fourier
space is given by the usual fluid equations in an expand-
ing universe, with an additional advection term:

�̇c � ia�1(vbc · k)�c + ✓c = 0, (14)

✓̇c � ia�1(vbc · k)✓c + 2H✓c � k2� = 0, (15)

�̇b + ✓b = 0, (16)

✓̇b + 2H✓b � k2

a2
� � c2

s

a2
k2

�
�b + �Tgas

�
= 0, (17)

k2

a2
� = �3

2

H2
0

a3

�
⌦0

b�b + ⌦0
c�c

�
, (18)

where the subscripts b and c refer to baryons and CDM,
respectively, ✓ is the velocity divergence with respect to
proper space4, overdots denoted di↵erentiation with re-
spect to proper time, and � is the Newtonian gravita-
tional potential. In Eq. (17) cs is the average baryon
isothermal sound speed, given by

c2
s ⌘ T gas

µ mH
. (19)

Here µ is the mean molecular weight given by

µ ⌘ 1 + mHe

mH
xHe

1 + xHe + xe(z)
, (20)

where xHe ⌘ nHe/nH is the constant ratio of helium to
hydrogen by number and xe(z) ⌘ ne/nH is the free elec-
tron fraction. For a helium mass fraction YHe = 0.24 and
for an essentially neutral plasma, µ ⇡ 1.22. We show the
Jeans scale kJ ⌘ aH/cs in Fig. 2.

Following Refs. [9, 23], we have included matter tem-
perature fluctuations �Tgas

⌘ �Tgas/Tgas in the baryon

4 Here we use the notation of Ref. [7], note that it di↵ers from the
more commonly used definition of ✓ given in Ref. [22] by a factor
of a.

momentum equation (17). We do not include fluctua-
tions of the mean molecular weight due to fluctuations
of the free electron fraction as the latter is very small at
the redshifts of interest, with xe ⇡ 5% at z = 1000 and
falling below 0.1% for z < 600.

2. Temperature fluctuations

To complete the system we need an evolution equation
for �Tgas . Because some mistakes exist in the literature
we rederive this equation here, following Ref. [24]. We
start by writing down the first law of thermodynamics in
a small volume V containing a fixed number of hydrogen
nuclei (i.e. a fixed total amount of protons and neutral
hydrogen atoms), so that nHV is constant:

d

dt

✓
3

2
ntotV Tgas

◆
+ ntotTgas

dV

dt
= Q̇, (21)

where ntot ⌘ nHI + np + ne + nHe = nH(1 + xHe + xe) is
the total number density of all free particles (where nH ⌘
nHI + np), and Q̇ is the rate of energy injection in the
volume V . In the absence of any non-standard heating
sources such as dark matter annihilation or decay, two
sources contribute to Q̇: photoionization / recombination
and heating by CMB photons scattering o↵ free electrons
which then rapidly redistribute their energy to the rest
of the gas through Coulomb scattering.
Let us first consider recombinations and photioniza-

tions. We denote by dẋe/dEe the di↵erential net pho-
toionization rate (i.e. rate of photoionizations minus rate
of recombinations) per total abundance of hydrogen, and
per interval of energy of the electron (whether it is the
initial, recombining electron or the final electron after
photoionization). The source term due to recombinations
and photoionizations can be written as

Q̇rec =

Z
dEe Ee

dẋe

dEe
nHV, (22)

where we used the fact that nHV is constant. Without
loss of generality we may rewrite this quantity as

Q̇rec =
3

2
TgasẋenHV +�Q̇rec, (23)

�Q̇rec ⌘
Z

dEe

✓
Ee � 3

2
Tgas

◆
dẋe

dEe
nHV. (24)

The first term in Eq. (23) contains the bulk of Q̇rec, and
corresponds to the rate of energy injection if every net
recombination event removed on average exactly 3

2Tgas

of kinetic energy from the gas. This is nearly exact since
almost all of the kinetic energy of recombining electrons
goes into the emitted photon, and the term �Q̇rec ac-
counts for small corrections to this relation. This term is
completely negligible (in fact, even the much bigger term
Q̇rec which was not properly included in Refs. [25, 26] is
negligible compared to Compton heating and adiabatic

pressure term 
P = nbTgas



• Gas temperature evolution: (dU + PdV = �Q)

6

cooling). Neglecting the small correction term �Q̇e, we
get the evolution equation for the gas temperature

Ṫgas � 2

3

ṅH

nH
Tgas =

2

3
q̇C, (25)

where q̇C is the Compton heating rate per particle:

q̇C =
4�TarT

4
cmb

(1 + xHe + xe)me
xe(Tcmb � Tgas)

⌘ 3

2
�C xe(Tcmb � Tgas), (26)

where �T is the Thomson cross-section, ar is the radia-
tion constant, me is the electron mass, and the second
equality defines the rate �C(z), which is a weakly vary-
ing function of redshift for z < 1000 as the plasma has
mostly recombined and xe ⌧ 1.

We write Tgas = T gas(1 + �Tgas
) and xe = xe(1 + �xe

).
The homogeneous part of Eq. (25) gives the evolution of
the average matter temperature

Ṫ gas + 2HT gas = �Cxe(Tcmb � T gas). (27)

We now turn to the perturbations. Assuming the helium
to hydrogen ratio is uniform, and up to very small correc-
tions of order xe⇥(me/mp), we have �nH/nH = �b. Since
we are considering scales deep inside the Horizon, pho-
ton temperature perturbations are negligible compared
to any other perturbations, and we set Tcmb = T cmb.
Neglecting fluctuations of xe in the denominator of �C

(since xe ⌧ 1 for z  1000), this function can be as-
sumed to be uniform. The non-perturbative evolution
equation for the gas temperature fluctuation therefore
reads

�̇Tgas
� 2

3
�̇b

1 + �Tgas

1 + �b
=

�Cxe


T cmb � T gas

T gas

�xe �
✓

T cmb

T gas

+ �xe

◆
�Tgas

�
. (28)

To first order, the evolution equation for the temperature
perturbations is therefore

�̇Tgas
� 2

3
�̇b = �Cxe


T cmb � T gas

T gas

�xe
� T cmb

T gas

�Tgas

�
.

(29)
Refs. [9, 23] did not account for the fluctuations of the
free-electron fraction �xe

⌘ �xe/xe. This is justified at
high redshifts at which the matter temperature is very
close to the radiation temperature and the prefactor of
�xe

in Eq. (29) is small; it is also justified at z ⌧ 200
when �Cxe ⌧ H and the gas simply cools adiabatically.
However, at intermediate stages this term cannot be ne-
glected, at least formally. Besides our neglect of photon
temperature perturbations and relativisitic corrections
(of order ⇠ a2H2/k2�m ⌧ �m in the deep sub-horizon
regime), our equation (29) is identical to Eq. (B12) of
Ref. [6], and does not include spurious molecular weight
terms as in Ref. [26], where the term Q̇rec was not ac-
counted for. Was this the term that was wrong

3. Free-electron fraction fluctuations

To close our system of equations we require an evolu-
tion equation for the fluctuations in the ionization frac-
tion of the gas. Because the pre-factor of �xe

in Eq. (29)
is less than 1% for z & 500 [27], we only need to have an
accurate equation at late times and need not worry about
details of the recombination process near the peak of the
CMB visibility function (see for example Refs. [28, 29]
and references therein). We compute the background re-
combination history exactly with hyrec but when com-
puting the perturbations, we simply adopt an e↵ective
3-level atom model [30], for which the recombination rate
is given by

ẋe = �C
⇣
ABnHx2

e � 4(1 � xe)BBe
�E21/Tcmb

⌘
, (30)

where E21 = 10.2 eV is the energy of the Lyman-↵ transi-
tion, AB(Tcmb, Tgas) is the e↵ective case-B recombination
coe�cient, BB(Tcmb) is the corresponding e↵ective pho-
toionization rate, and C is the Peebles C-coe�cient [30],
which gives the ratio of the net rate of downward transi-
tions from the first excited states to their total e↵ective
lifetime:

C ⌘ 3RLy↵ + ⇤2s,1s

3RLy↵ + ⇤2s,1s + 4BB
, (31)

RLy↵ ⌘ 8⇡(H + 1
3✓b)

3�3
Ly↵(1 � xe)nH

. (32)

Equation (30) is identical in spirit to that of Peebles [30]
and of Ref. [25], with however two technical di↵erences.
First, following Refs. [6, 26], we have replaced the Hubble
rate in the Lyman-↵ escape rate (32) by the local expan-
sion rate, which is enhanced by one third of the baryon
peculiar velocity divergence. Second, instead of using
the case-B recombination coe�cient ↵B(Tgas) of Ref. [31]
or a rescaled version of it, we use the exact e↵ective re-
combination coe�cient AB(Tgas, Tcmb), which accounts
for stimulated recombinations and ionizations from the
excited states during the cascading process [32]. These
coe�cients are related through ↵B = AB(Tcmb = 0). The
temperature dependence of ↵B (even rescaled by a fudge
factor) di↵ers from the correct one given by AB at the
level of ⇠ 10 � 20%. The recombination rate (30) is
slightly inaccurate for z & 900 (with errors at the level
of at most a few percent), but becomes exact at low red-
shifts, for which the recombination dynamics is controlled
by the rate at which electrons and protons can meet and
recombine, rather than the details of the transitions from
the first excited states to the ground state.

For z < 1020 the free-electron fraction is already much
larger than its value in Saha equilibrium and the second
term in Eq. (30) is less than 10�4 times the first term.
We therefore have, to an excellent accuracy,

ẋe ⇡ �CABnHx2
e. (33)

(+
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3
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cooling). Neglecting the small correction term �Q̇e, we
get the evolution equation for the gas temperature
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3
q̇C, (25)

where q̇C is the Compton heating rate per particle:

q̇C =
4�TarT

4
cmb

(1 + xHe + xe)me
xe(Tcmb � Tgas)

⌘ 3

2
�C xe(Tcmb � Tgas), (26)

where �T is the Thomson cross-section, ar is the radia-
tion constant, me is the electron mass, and the second
equality defines the rate �C(z), which is a weakly vary-
ing function of redshift for z < 1000 as the plasma has
mostly recombined and xe ⌧ 1.

We write Tgas = T gas(1 + �Tgas
) and xe = xe(1 + �xe

).
The homogeneous part of Eq. (25) gives the evolution of
the average matter temperature

Ṫ gas + 2HT gas = �Cxe(Tcmb � T gas). (27)

We now turn to the perturbations. Assuming the helium
to hydrogen ratio is uniform, and up to very small correc-
tions of order xe⇥(me/mp), we have �nH/nH = �b. Since
we are considering scales deep inside the Horizon, pho-
ton temperature perturbations are negligible compared
to any other perturbations, and we set Tcmb = T cmb.
Neglecting fluctuations of xe in the denominator of �C

(since xe ⌧ 1 for z  1000), this function can be as-
sumed to be uniform. The non-perturbative evolution
equation for the gas temperature fluctuation therefore
reads
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T gas
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T cmb

T gas

+ �xe

◆
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�
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To first order, the evolution equation for the temperature
perturbations is therefore
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(29)
Refs. [9, 23] did not account for the fluctuations of the
free-electron fraction �xe

⌘ �xe/xe. This is justified at
high redshifts at which the matter temperature is very
close to the radiation temperature and the prefactor of
�xe

in Eq. (29) is small; it is also justified at z ⌧ 200
when �Cxe ⌧ H and the gas simply cools adiabatically.
However, at intermediate stages this term cannot be ne-
glected, at least formally. Besides our neglect of photon
temperature perturbations and relativisitic corrections
(of order ⇠ a2H2/k2�m ⌧ �m in the deep sub-horizon
regime), our equation (29) is identical to Eq. (B12) of
Ref. [6], and does not include spurious molecular weight
terms as in Ref. [26], where the term Q̇rec was not ac-
counted for. Was this the term that was wrong

3. Free-electron fraction fluctuations

To close our system of equations we require an evolu-
tion equation for the fluctuations in the ionization frac-
tion of the gas. Because the pre-factor of �xe

in Eq. (29)
is less than 1% for z & 500 [27], we only need to have an
accurate equation at late times and need not worry about
details of the recombination process near the peak of the
CMB visibility function (see for example Refs. [28, 29]
and references therein). We compute the background re-
combination history exactly with hyrec but when com-
puting the perturbations, we simply adopt an e↵ective
3-level atom model [30], for which the recombination rate
is given by

ẋe = �C
⇣
ABnHx2

e � 4(1 � xe)BBe
�E21/Tcmb

⌘
, (30)

where E21 = 10.2 eV is the energy of the Lyman-↵ transi-
tion, AB(Tcmb, Tgas) is the e↵ective case-B recombination
coe�cient, BB(Tcmb) is the corresponding e↵ective pho-
toionization rate, and C is the Peebles C-coe�cient [30],
which gives the ratio of the net rate of downward transi-
tions from the first excited states to their total e↵ective
lifetime:

C ⌘ 3RLy↵ + ⇤2s,1s

3RLy↵ + ⇤2s,1s + 4BB
, (31)

RLy↵ ⌘ 8⇡(H + 1
3✓b)

3�3
Ly↵(1 � xe)nH

. (32)

Equation (30) is identical in spirit to that of Peebles [30]
and of Ref. [25], with however two technical di↵erences.
First, following Refs. [6, 26], we have replaced the Hubble
rate in the Lyman-↵ escape rate (32) by the local expan-
sion rate, which is enhanced by one third of the baryon
peculiar velocity divergence. Second, instead of using
the case-B recombination coe�cient ↵B(Tgas) of Ref. [31]
or a rescaled version of it, we use the exact e↵ective re-
combination coe�cient AB(Tgas, Tcmb), which accounts
for stimulated recombinations and ionizations from the
excited states during the cascading process [32]. These
coe�cients are related through ↵B = AB(Tcmb = 0). The
temperature dependence of ↵B (even rescaled by a fudge
factor) di↵ers from the correct one given by AB at the
level of ⇠ 10 � 20%. The recombination rate (30) is
slightly inaccurate for z & 900 (with errors at the level
of at most a few percent), but becomes exact at low red-
shifts, for which the recombination dynamics is controlled
by the rate at which electrons and protons can meet and
recombine, rather than the details of the transitions from
the first excited states to the ground state.

For z < 1020 the free-electron fraction is already much
larger than its value in Saha equilibrium and the second
term in Eq. (30) is less than 10�4 times the first term.
We therefore have, to an excellent accuracy,

ẋe ⇡ �CABnHx2
e. (33)
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where �T is the Thomson cross-section, ar is the radia-
tion constant, me is the electron mass, and the second
equality defines the rate �C(z), which is a weakly vary-
ing function of redshift for z < 1000 as the plasma has
mostly recombined and xe ⌧ 1.
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).
The homogeneous part of Eq. (25) gives the evolution of
the average matter temperature

Ṫ gas + 2HT gas = �Cxe(Tcmb � T gas). (27)

We now turn to the perturbations. Assuming the helium
to hydrogen ratio is uniform, and up to very small correc-
tions of order xe⇥(me/mp), we have �nH/nH = �b. Since
we are considering scales deep inside the Horizon, pho-
ton temperature perturbations are negligible compared
to any other perturbations, and we set Tcmb = T cmb.
Neglecting fluctuations of xe in the denominator of �C

(since xe ⌧ 1 for z  1000), this function can be as-
sumed to be uniform. The non-perturbative evolution
equation for the gas temperature fluctuation therefore
reads
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To first order, the evolution equation for the temperature
perturbations is therefore
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Refs. [9, 23] did not account for the fluctuations of the
free-electron fraction �xe

⌘ �xe/xe. This is justified at
high redshifts at which the matter temperature is very
close to the radiation temperature and the prefactor of
�xe

in Eq. (29) is small; it is also justified at z ⌧ 200
when �Cxe ⌧ H and the gas simply cools adiabatically.
However, at intermediate stages this term cannot be ne-
glected, at least formally. Besides our neglect of photon
temperature perturbations and relativisitic corrections
(of order ⇠ a2H2/k2�m ⌧ �m in the deep sub-horizon
regime), our equation (29) is identical to Eq. (B12) of
Ref. [6], and does not include spurious molecular weight
terms as in Ref. [26], where the term Q̇rec was not ac-
counted for. Was this the term that was wrong

3. Free-electron fraction fluctuations

To close our system of equations we require an evolu-
tion equation for the fluctuations in the ionization frac-
tion of the gas. Because the pre-factor of �xe

in Eq. (29)
is less than 1% for z & 500 [27], we only need to have an
accurate equation at late times and need not worry about
details of the recombination process near the peak of the
CMB visibility function (see for example Refs. [28, 29]
and references therein). We compute the background re-
combination history exactly with hyrec but when com-
puting the perturbations, we simply adopt an e↵ective
3-level atom model [30], for which the recombination rate
is given by

ẋe = �C
⇣
ABnHx2

e � 4(1 � xe)BBe
�E21/Tcmb

⌘
, (30)

where E21 = 10.2 eV is the energy of the Lyman-↵ transi-
tion, AB(Tcmb, Tgas) is the e↵ective case-B recombination
coe�cient, BB(Tcmb) is the corresponding e↵ective pho-
toionization rate, and C is the Peebles C-coe�cient [30],
which gives the ratio of the net rate of downward transi-
tions from the first excited states to their total e↵ective
lifetime:

C ⌘ 3RLy↵ + ⇤2s,1s

3RLy↵ + ⇤2s,1s + 4BB
, (31)

RLy↵ ⌘ 8⇡(H + 1
3✓b)

3�3
Ly↵(1 � xe)nH

. (32)

Equation (30) is identical in spirit to that of Peebles [30]
and of Ref. [25], with however two technical di↵erences.
First, following Refs. [6, 26], we have replaced the Hubble
rate in the Lyman-↵ escape rate (32) by the local expan-
sion rate, which is enhanced by one third of the baryon
peculiar velocity divergence. Second, instead of using
the case-B recombination coe�cient ↵B(Tgas) of Ref. [31]
or a rescaled version of it, we use the exact e↵ective re-
combination coe�cient AB(Tgas, Tcmb), which accounts
for stimulated recombinations and ionizations from the
excited states during the cascading process [32]. These
coe�cients are related through ↵B = AB(Tcmb = 0). The
temperature dependence of ↵B (even rescaled by a fudge
factor) di↵ers from the correct one given by AB at the
level of ⇠ 10 � 20%. The recombination rate (30) is
slightly inaccurate for z & 900 (with errors at the level
of at most a few percent), but becomes exact at low red-
shifts, for which the recombination dynamics is controlled
by the rate at which electrons and protons can meet and
recombine, rather than the details of the transitions from
the first excited states to the ground state.

For z < 1020 the free-electron fraction is already much
larger than its value in Saha equilibrium and the second
term in Eq. (30) is less than 10�4 times the first term.
We therefore have, to an excellent accuracy,

ẋe ⇡ �CABnHx2
e. (33)
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FIG. 3. Evolution of �
b

(k, z) for two small-scale modes (L:k = 200 Mpc�1 and R: k = 2700 Mpc�1) . The values of the relative
velocity are vbc · k̂ = 0 (dotted) and vbc · k̂ = �1d (solid). Thick lines represent the absolute value of �

b

and thin lines show
its real part (the two are equal for vbc · k̂ = 0). The left panel is for a mode with k = 200 Mpc�1. At these scales the relative
velocity leads to a suppression of fluctuations. The right panel is for a mode much smaller than the Jeans scale, with k = 2700
Mpc�1. At these scales the streaming of baryons relative to the dark matter leads to a resonant amplification of baryonic
acoustic oscillations.
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expansion:

X(⇢(x)) = X(⇢) + ↵1�(x) + ↵2�(x)
2 +

X

i�3

↵i�(x)
i. (39)

We decompose the density fluctuation in a long-
wavelength part and a short-wavelength part:

�(x) = �l(x) + �s(x), (40)

where

�l ⌧ �s ⌧ 1. (41)

Let us first consider the short-wavelength fluctuations
of X. Only the product of long-wavelength modes
can lead to a long-wavelength mode. I.e. the short-
wavelength contribution of each factor of the series ex-

pansion must contain at least one factor of �s to be short-
wavelength, and as a consequence

�(x)i
��
s

/ �s(x)�(x)
i�1 ⌧ �s(x) if i � 2. (42)

Therefore up to small corrections of order � we have

Xs = ↵1�s, (43)

and the small-scale power spectrum of X is directly pro-
portional to the small-scale power spectrum of �. The
latter is a function of the local value of the relative ve-
locity, and the full-sky small-scale power-spectrum of X
is obtained from averaging its local value over the distri-
bution of relative velocities.
Let us now consider large-scale fluctuations of X. Here

there is an important physical e↵ect: the beating of
several short-wavelength fluctuations can lead to long-
wavelength modulations. Because of the hierarchy (41),
the long-wavelength expansion of X is given by

Xl = ↵1�l + ↵2

�
�2
s

�
l
, (44)

up to small corrections of oder �. Higher-order terms
are indeed at most of order �2

s�i�2 ⌧ �2
s for i > 2, and

can therefore be safely neglected. As described in Sec-
tion II B, the large separation of scales between the small
scales which are influenced by the relative velocity and
the large scales over which the latter fluctuates allows
us to make the approximation (�2

s)l ⇡ h�2
si(vx

bc), whereh�2
si is a local statistical average and v

x

bc ⌘ vbc(x). In
order to compute the large-scale power spectrum of X,
we first compute its autocorrelation function, the two
being Fourier transforms of one another (the Wiener-
Khintchine theorem, see e. g. Ref. [33]). Using statistical
homogeneity and isotropy, the autocorrelation function

k = 200 Mpc-1vbc  = 0

vbc  = 1 σ

Re(δb)

|δb|
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expansion:

X(⇢(x)) = X(⇢) + ↵1�(x) + ↵2�(x)
2 +

X

i�3

↵i�(x)
i. (39)

We decompose the density fluctuation in a long-
wavelength part and a short-wavelength part:

�(x) = �l(x) + �s(x), (40)

where

�l ⌧ �s ⌧ 1. (41)

Let us first consider the short-wavelength fluctuations
of X. Only the product of long-wavelength modes
can lead to a long-wavelength mode. I.e. the short-
wavelength contribution of each factor of the series ex-

pansion must contain at least one factor of �s to be short-
wavelength, and as a consequence

�(x)i
��
s

/ �s(x)�(x)
i�1 ⌧ �s(x) if i � 2. (42)

Therefore up to small corrections of order � we have

Xs = ↵1�s, (43)

and the small-scale power spectrum of X is directly pro-
portional to the small-scale power spectrum of �. The
latter is a function of the local value of the relative ve-
locity, and the full-sky small-scale power-spectrum of X
is obtained from averaging its local value over the distri-
bution of relative velocities.
Let us now consider large-scale fluctuations of X. Here

there is an important physical e↵ect: the beating of
several short-wavelength fluctuations can lead to long-
wavelength modulations. Because of the hierarchy (41),
the long-wavelength expansion of X is given by

Xl = ↵1�l + ↵2

�
�2
s

�
l
, (44)

up to small corrections of oder �. Higher-order terms
are indeed at most of order �2

s�i�2 ⌧ �2
s for i > 2, and

can therefore be safely neglected. As described in Sec-
tion II B, the large separation of scales between the small
scales which are influenced by the relative velocity and
the large scales over which the latter fluctuates allows
us to make the approximation (�2

s)l ⇡ h�2
si(vx

bc), whereh�2
si is a local statistical average and v

x

bc ⌘ vbc(x). In
order to compute the large-scale power spectrum of X,
we first compute its autocorrelation function, the two
being Fourier transforms of one another (the Wiener-
Khintchine theorem, see e. g. Ref. [33]). Using statistical
homogeneity and isotropy, the autocorrelation function

k = 2700 Mpc-1

vbc  = 0

vbc  = 1 σ

Resonant pumping of acoustic oscillations
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expansion:

X(⇢(x)) = X(⇢) + ↵1�(x) + ↵2�(x)
2 +

X

i�3
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i. (39)

We decompose the density fluctuation in a long-
wavelength part and a short-wavelength part:

�(x) = �l(x) + �s(x), (40)

where

�l ⌧ �s ⌧ 1. (41)

Let us first consider the short-wavelength fluctuations
of X. Only the product of long-wavelength modes
can lead to a long-wavelength mode. I.e. the short-
wavelength contribution of each factor of the series ex-

pansion must contain at least one factor of �s to be short-
wavelength, and as a consequence

�(x)i
��
s

/ �s(x)�(x)
i�1 ⌧ �s(x) if i � 2. (42)

Therefore up to small corrections of order � we have

Xs = ↵1�s, (43)

and the small-scale power spectrum of X is directly pro-
portional to the small-scale power spectrum of �. The
latter is a function of the local value of the relative ve-
locity, and the full-sky small-scale power-spectrum of X
is obtained from averaging its local value over the distri-
bution of relative velocities.
Let us now consider large-scale fluctuations of X. Here

there is an important physical e↵ect: the beating of
several short-wavelength fluctuations can lead to long-
wavelength modulations. Because of the hierarchy (41),
the long-wavelength expansion of X is given by

Xl = ↵1�l + ↵2

�
�2
s

�
l
, (44)

up to small corrections of oder �. Higher-order terms
are indeed at most of order �2

s�i�2 ⌧ �2
s for i > 2, and

can therefore be safely neglected. As described in Sec-
tion II B, the large separation of scales between the small
scales which are influenced by the relative velocity and
the large scales over which the latter fluctuates allows
us to make the approximation (�2

s)l ⇡ h�2
si(vx

bc), whereh�2
si is a local statistical average and v

x

bc ⌘ vbc(x). In
order to compute the large-scale power spectrum of X,
we first compute its autocorrelation function, the two
being Fourier transforms of one another (the Wiener-
Khintchine theorem, see e. g. Ref. [33]). Using statistical
homogeneity and isotropy, the autocorrelation function

Resonant pumping of acoustic oscillations
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of Xl is given by

hXl(0)Xl(x)i = ↵2
1h�l(0)�l(x)i

+ 2↵1↵2

D
�l(0)h�2

si(vxbc)
E

+ ↵2
2

D
h�2

si(v0bc)h�2
si(vxbc)

E
. (45)

The second term in Eq. (45) in fact vanishes by symme-
try considerations, as we show now. The joint Gaussian
probability distribution for any scalar overdensity �(0)
and the relative velocity at separation x can be factored
as

P (�,vx

bc) = P (�)P (vx

bc|�), (46)

where P (��) = P (�) and P (�v

x

bc| � �) = P (vx

bc|�).
These properties are valid for any joint Gaussian with
zero mean. They imply that the distribution of the mag-

nitude of the relative velocity is identical in underdensi-
ties and overdensities with the same absolute value |�|.
Because h�2

si only depends on the magnitude of the rel-
ative velocity, the correlation of this quantity with an
overdensity therefore vanishes:

D
�l(0)h�2

si(vxbc)
E
= 0. (47)

In order to compute the third term of Eq. (45) we need
the joint probability distribution P (v0

bc,v
x

bc). This dis-
tribution is a 6-dimensional Gaussian entirely determined
by the variance �2

1d and the dimensionless correlation co-
e�cients ck(x) and c?(x) computed in Section IIA. Be-
cause h�2

si only depends on the magnitude of the relative
velocity, the 6-dimensional integral in h⌦�2

si(0)h�2
si(x)↵

actually reduces to a 4-dimensional integral over the two
magnitude v0bc, v

x

bc and the two angles of the relative ve-
locities with the separtion vector x (see Eq. (2.12) of
Ref. [20]). The angular integral is independent of red-
shift and does not involve h�2

si, so we precompute it as
a function of v0bc/�1d, v

x

bc/�1d, x in order to speed up cal-
culations.

Once we have computed the autocorrelation function
of Xl we can easily obtain its power spectrum on larger
scales by taking the Fourier transform.
The method described here can be straightforwardly

generalized to the case where X depends on multiple
quantities (baryon density, velocity, temperature...), in
which case the quadratic terms can be either squares of
a given perturbation or cross-terms.
below? Need figures and figure refs.. We show below

our results for P�2
b
and P�2

Tgas
.

B. Illustration: fluctuations of �2
b

, �2
Tgas

We follow the method highlighted above to compute
the power spectrum of the square density and tempera-
ture field on large scales.

• First, we compute h�2
si as a function of vbc, and

subtract its average over relative velocities (so we only
keep the purely fluctuating part). This is illustrated in
Fig. ????

• Second, we compute the autocorrelation function as
a function of separation. The result for baryon density
and temperature fluctuations is shown in Fig. ????

• Finally we take the Fourier transfor to obtain the
large-scale power spectrum. We show the result in
Fig. ??? where we also show, for reference, the Power
spectrum of �b and �Tgas

.

C. Enhanced gas temperature fluctuations

Whereas the relative velocity has no dynamical ef-
fect on the growth of overdensities (the non-linear terms
in the full fluid equations are full divergences that in-
tegrate to zero), it does lead to additional large-scale
modulations of the gas temperature and ionization frac-
tion. This can be understood simply from consider-

Results
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Appendix A: Asymptotic expression of the correlation function at small separation

We have to compute the average hF (u0)F (ux)i where u0,ux are gaussian with a unit variance per axis, and a a
cross-correlation given by

hui
0u

j
xi = ck(x)x̂

ix̂j + c?(x)
�
�ij � x̂ix̂j

�
. (A1)

When x ! 0, ck, c? ! 1 and the joint probability distribution P (u0,ux) becomes sharply peaked around ux = u0,
which makes direct numerical integration di�cult. The goal of this appendix is to derive asymptotic limits in this
regime. We start by rewriting

P (u0,ux) = P (u0)
Y

i

P (ui
x|ui

0), (A2)

where P (u0) is an isotropic three-dimensional Gaussian distribution with unit variance per axis and P (ui
x|ui

0) is a
one-dimensional Gaussian distribution with mean ciu

i
0 and variance 1� c2

i . We now Taylor-expand F (ux) around u0.
In order to get corrections up to O(1� c)2 we need to expand F (ux) to fourth order. Defining �i ⌘ ui

x � ui
0, we have

F (ux) ⇡ F (u0) +
X

i

�i@iF +
1

2

X

ij

�i�j@i@jF +
1

6

X

ijk

�i�j�k@i@j@kF +
1

24

X

ijkl

�i�j�k�l@i@j@k@lF. (A3)

Effect on small-scale 21cm angular 
power spectrum

z = 50, Δν = 0.1 MHz
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where P (u0) is an isotropic three-dimensional Gaussian distribution with unit variance per axis and P (ui
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0) is a
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0 and variance 1� c2

i . We now Taylor-expand F (ux) around u0.
In order to get corrections up to O(1� c)2 we need to expand F (ux) to fourth order. Defining �i ⌘ ui
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X

i

�i@iF +
1

2

X

ij

�i�j@i@jF +
1

6

X

ijk

�i�j�k@i@j@kF +
1

24

X

ijkl

�i�j�k�l@i@j@k@lF. (A3)

z = 50, Δν = 0.1 MHz



Effect on the large scale signal

What is measured: Tb = ⌧(Ts � Tcmb)

⌧ / nH

Ts(H + @||v||)
Ts(nH, Tgas)

☞ Tb is a fully non-linear function of the δ’s 

�Tb = T1 � + T2 �2 + ...

�l ⌧ �s ⌧ 1
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Large-scale fluctuations of δb and (δb2)

5

where the cross terms involving odd powers of �l(x) van-
ishes while averaging over realizations. The subscripts

and the superscipts of v(bg)bc are omitted to avoid clutter.

Also notice that the global average �2s(x) remains con-
stant in realizations. The large-scale fluctuation cross-
correlation h�l(0)�l(x)i is trivially a↵ected by the rela-
tive streaming, thus can be obtained simply by integrat-
ing the large-scale power spectrum numerically for the

v
(bg)
bc = 0 case. The more challenging cross-correlation,

h�2s(v(0))�2s(v(x))i, introduces the large-scale e↵ect of the
relative velocity into the brightness temperature cross-
correlation, and by further substituting v(0) with v and
v(x) with u, the cross-correlation is given by

h�2s(v)�2s(u)i =
Z

v

d3v

Z

u

d3uP(v,u)�2s(v)�
2
s(u) (15)

with the joint probability distribution of the two relative
velocities P(v,u) given by,

P(v,u) =
1

(2⇡)3 det(⌃)1/2
exp


�1

2
UT⌃�1U

�
(16)

where the relative velocity vector U is defined as U =
[v1, u1, v2, u2, v3, u3]T , where ê1 = x̂ with the other two
directions ê2 and ê3 arbitrarily chosen to complete an
orthogonal basis with ê1. Then the co-variance matrix ⌃,
defined as ⌃(v, u) = hUTUi, is a 6 ⇥ 6 matrix composed
of three non-zero 2 ⇥ 2 diagonal blocks.

⌃ =

 
B1

B2
B3

!
(17)

Bi =

✓
hv2i i hviuii

hviuii hu2
i i

◆
i = 1, 2, 3 (18)

Each of the 6 diagonal terms of ⌃ is given by hv2i i =
hu2

i i = 1/3hv2i. Then, the o↵ diagonal elements of Bi are
the cross-correlation for each of the three components of
v and u, and, by our own calculation, are given generi-
cally as,

hviuji = Ak(x)x̂
ix̂j +A?(x)(�ij � x̂ix̂j) (19)

where x̂i = x̂ · êi, and i, j = 1, 2, 3 denote the three
orthogonal components of the relative velocity, specifi-
cally with ê1 parallel to x. The co-e�cients Ak and A?
are given by Equ.26 in the Appendix. Notice that all the
other terms in ⌃ are zero because, for the specific orthog-
onal basis on which we decompose the relative velocity,
only the first component depends on x, so projections
along di↵erent axis do not correlate.
By collecting Equ.15, 16, 17, 18 and 19, one can

solve the small-scale baryon fluctuation cross-correlation
h�2s(v(0))�2s(v(x))i as a function of real space separa-
tion x � x

0. Then by performing a Fourier transform of
Equ.6, one can obtain the small-scale suppression con-
tribution to the large-scale brightness temperature fluc-

tuation power spectrum by definition Equ.5, P�2s(v)
(k),

and the large-scale contribution P�l(k) is obtained di-
rectly by evolving Equ.8 at large scales. The resulting
power spectra at red shift z = 40, 80 are plotted in Fig.6.
Then we can plug the resulting P�2s(v)

(k) and P�l(k) into

0.001 0.010 0.100 1.000
k (h/Mpc)

10-6

10-4

10-2

100

(1
+z

)2  k
3  P

(k
)/(

2 
/2 )

bh
bh

2 

0.001 0.010 0.100 1.000
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ra
tio

z = 40
z = 80

Figure 6. Upper panel: The two contributions to the large-scale
power spectrum of baryon density fluctuation, P

�

2
s(v)

(k) (dashed)

and P
�l
(k) (solid), at red shift 40 (upper curves) and 80 (lower

curves). Lower panel: the ratio P
�

2
s(v)

(k)/P
�l
(k) on the large scales

at red shift 40 (upper curves) and 80 (lower curves). The small-
scale suppression P

�

2
s(v)

(k) contributes more than 10% on scales

larger than ⇠ 10Mpc at red shift 40.

Equ.6 to obtain the large-scale brightness temperature
power spectrum P�Tb

(k), which we can use in Equ.7 to
obtain the angular power spectrum for large-scale bright-
ness temperature fluctuation.

4.3. Summary: Changes In The Angular Power

Spectrum

5. CONCLUSIONS

z=40

z=80
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function of redshift.

For definiteness, we shall assume a window function
�⌫ = 0.1 MHz and use the Limber approximation for
` & 104. In that case the velocity term averages out [10],
and we have

P
�Tb

= T 2
H PHH + T 2

T

P
TT

+ 2THT
T

PHT

. (71)

We show the resulting small-scale power spectrum in
Fig. 7 and compare it to the case without relative ve-
locities. We see that the relative velocities lead to power
being suppressed by as much as 50% at the “knee” corre-
sponding to the Jeans scale, ` ⇡ 5⇥106. Fluctuations are
enhanced for ` & 2 ⇥ 107, due to the resonant excitation
of acoustic waves, but the power spectrum is probably
unobservable there anyway.

D. E↵ect of the relative velocity on large scales

On large scales we must account for all the terms
in Eq. (59) as the large-scale modulations of squared
small-scale fluctuations can become comparable to the
large-scale fluctuations of the linear terms. The long-
wavelength fluctuations of the quadratic terms can be
obtained more easily after first averaging them over short
wavelengths, i.e.

[�(�
i

�
j

)]
L

⇡ [�h�
i

�
j

i]
L

⌘
Z

d3k
s

(2⇡)3
P

ij

(k
s

, vbc), (72)

where the integral over wavenumbers is to be carried over
short wavelengths only. This approximation is very ac-
curate due to the large separation in scales between the
scale over which v

bc

fluctuates and the scales at which it
has an e↵ect on the power spectrum.

We rewrite the long-wavelength contribution of
Eq. (59) as follows:

�T
b,L

=
X

i

T
i

�
i,L

+
X

ij

T
ij

[�h�
i

�
j

i]
L

, (73)

where the indices i, j stand for H, T and v. From this
expression we obtain the long-wavelength contribution to
the autocorrelation function of the brightness tempera-
ture (dropping the subscripts L from now on):

h�T
b

(0)�T
b

(x)i =
X

ij

T
i

T
j

h�
i

(0)�
j

(x)i

+ 2
X

pij

T
p

T
ij

h�
p

(0)�h�
i

�
j

i(x)i (74)

+
X

ijpq

T
ij

T
pq

h�h�
i

�
j

i(0)�h�
p

�
q

i(x)i,

where the second line groups two terms which are iden-
tical by virtue of statistical isotropy.

In addition to the first, standard term in Eq. (74),
we therefore only need to account for the third term in-
volving cross-correlations of quadratic terms. The power
spectra of some of these terms where shown in Section
IV, and the remaining terms involving �

v

can again easily
be obtained from Eq. (??).

VI. CONCLUSIONS

We did a few approximations here and there but we
otherwise rock the world!
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2. Including redshift-space distortions

When observing the 21cm absorption signal today, the
frequency of the photons corresponding to gas at redshift
z moving along our line of sight with respect to its local
comoving frame with a peculiar velocity vkz (where vk >
0 if the gas is moving away from us) is

⌫obs =
⌫10(1 � vk)

1 + z
⇡ ⌫10

(1 + z)(1 + vk)
, (67)

where ⌫10 = 1.4 GHz is the rest-frame frequency of the
21cm transition. Therefore the observed redshift is given
by

1 + zobs ⌘ ⌫10

⌫obs
= (1 + z)(1 + vk). (68)

The true comoving radial position is given by

r(z) =

Z z

0

dz0

H(z0)
⇡ r(zobs) � 1 + zobs

H(zobs)
vk(r). (69)

As a consequence, the observed brightness temperature
fluctuation at a given frequency ⌫obs relates to the one
observed in the comoving frame by

�T obs
b ⇡


�Tb � 1 + z

H
vkrk�Tb

�

robs

, (70)

where the gradient is with respect to comoving distance
along the line of sight. We may rewrite this expression
as follows:

�T obs
b = �Tb(1 + �v) � 1 + z

H
rk(vk�Tb), (71)

where we have simply used the definition (64) of �v and
rk(vk �Tb) = (rkvk)�Tb + vkrk�T .

The last term in Eq. (71) is the total derivative of a
quadratic term and does not fluctuate on large scales. In-
deed, when approximating the spatial average by a sta-
tistical average, we have, for any two scalar quantities

�1, �2,

hr(�1�2)i = h�1r�2 + (r�1)�2i
=

Z
d3k

(2⇡)3
h�⇤1ik�2 + (ik�1)

⇤�2i = 0, (72)

as the two terms cancel one another.
from Eq. 66 it still seems you need a to multiply ev-

erything with 1 + vk. I think you can not make a total
derivative of that, or am I missing something? Using
Eq. (65) we therefore have, to second order in all fluctu-
ations,

�T obs
b = TH �H + TT �Tgas

� T b �v

+ THH�(�2
H) + TTT�(�2

Tgas
) + THT�(�H�Tgas

),

where �(�i�j) is the fluctuation of the quadratic term
�i�j about its mean value (the mean of the quadratic
terms should be formally included in T b, even though we
do not add these terms in practice as they are completely
negligible). We note that quadratic terms involving �v

very conveniently cancel out and recall that this is only
valid in the optically thin limit, i.e. there are additional
corrections of order ⌧ that do contain such terms. Finally,
we recall that �Tgas

= �I
Tgas

+ �II
Tgas

e↵ectively contains
quadratic terms itself.

C. E↵ect of the relative velocity on the small-scale
angular power spectrum

We first consider the small-scale angular power spec-
trum ` & 104, for which we only need to consider linear
terms.
During matter domination the radial distance to red-

shift z is given by

r(z) ⇡ r(1)


1 � 1p

1 + z

�
, (73)

Expansion of δTb to second order in fluctuations:



Expansion of δTgas to second order in fluctuations:

6

cooling). Neglecting the small correction term �Q̇e, we
get the evolution equation for the gas temperature

Ṫgas � 2

3

ṅH

nH
Tgas =

2

3
q̇C, (25)

where q̇C is the Compton heating rate per particle:

q̇C =
4�TarT

4
cmb

(1 + xHe + xe)me
xe(Tcmb � Tgas)

⌘ 3

2
�C xe(Tcmb � Tgas), (26)

where �T is the Thomson cross-section, ar is the radia-
tion constant, me is the electron mass, and the second
equality defines the rate �C(z), which is a weakly vary-
ing function of redshift for z < 1000 as the plasma has
mostly recombined and xe ⌧ 1.

We write Tgas = T gas(1 + �Tgas
) and xe = xe(1 + �xe

).
The homogeneous part of Eq. (25) gives the evolution of
the average matter temperature

Ṫ gas + 2HT gas = �Cxe(Tcmb � T gas). (27)

We now turn to the perturbations. Assuming the helium
to hydrogen ratio is uniform, and up to very small correc-
tions of order xe⇥(me/mp), we have �nH/nH = �b. Since
we are considering scales deep inside the Horizon, pho-
ton temperature perturbations are negligible compared
to any other perturbations, and we set Tcmb = T cmb.
Neglecting fluctuations of xe in the denominator of �C

(since xe ⌧ 1 for z  1000), this function can be as-
sumed to be uniform. The non-perturbative evolution
equation for the gas temperature fluctuation therefore
reads

�̇Tgas
� 2

3
�̇b

1 + �Tgas

1 + �b
=

�Cxe


T cmb � T gas

T gas

�xe �
✓

T cmb
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To first order, the evolution equation for the temperature
perturbations is therefore
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(29)
Refs. [9, 23] did not account for the fluctuations of the
free-electron fraction �xe

⌘ �xe/xe. This is justified at
high redshifts at which the matter temperature is very
close to the radiation temperature and the prefactor of
�xe

in Eq. (29) is small; it is also justified at z ⌧ 200
when �Cxe ⌧ H and the gas simply cools adiabatically.
However, at intermediate stages this term cannot be ne-
glected, at least formally. Besides our neglect of photon
temperature perturbations and relativisitic corrections
(of order ⇠ a2H2/k2�m ⌧ �m in the deep sub-horizon
regime), our equation (29) is identical to Eq. (B12) of
Ref. [6], and does not include spurious molecular weight
terms as in Ref. [26], where the term Q̇rec was not ac-
counted for. Was this the term that was wrong

3. Free-electron fraction fluctuations

To close our system of equations we require an evolu-
tion equation for the fluctuations in the ionization frac-
tion of the gas. Because the pre-factor of �xe

in Eq. (29)
is less than 1% for z & 500 [27], we only need to have an
accurate equation at late times and need not worry about
details of the recombination process near the peak of the
CMB visibility function (see for example Refs. [28, 29]
and references therein). We compute the background re-
combination history exactly with hyrec but when com-
puting the perturbations, we simply adopt an e↵ective
3-level atom model [30], for which the recombination rate
is given by

ẋe = �C
⇣
ABnHx2

e � 4(1 � xe)BBe
�E21/Tcmb

⌘
, (30)

where E21 = 10.2 eV is the energy of the Lyman-↵ transi-
tion, AB(Tcmb, Tgas) is the e↵ective case-B recombination
coe�cient, BB(Tcmb) is the corresponding e↵ective pho-
toionization rate, and C is the Peebles C-coe�cient [30],
which gives the ratio of the net rate of downward transi-
tions from the first excited states to their total e↵ective
lifetime:

C ⌘ 3RLy↵ + ⇤2s,1s

3RLy↵ + ⇤2s,1s + 4BB
, (31)

RLy↵ ⌘ 8⇡(H + 1
3✓b)

3�3
Ly↵(1 � xe)nH

. (32)

Equation (30) is identical in spirit to that of Peebles [30]
and of Ref. [25], with however two technical di↵erences.
First, following Refs. [6, 26], we have replaced the Hubble
rate in the Lyman-↵ escape rate (32) by the local expan-
sion rate, which is enhanced by one third of the baryon
peculiar velocity divergence. Second, instead of using
the case-B recombination coe�cient ↵B(Tgas) of Ref. [31]
or a rescaled version of it, we use the exact e↵ective re-
combination coe�cient AB(Tgas, Tcmb), which accounts
for stimulated recombinations and ionizations from the
excited states during the cascading process [32]. These
coe�cients are related through ↵B = AB(Tcmb = 0). The
temperature dependence of ↵B (even rescaled by a fudge
factor) di↵ers from the correct one given by AB at the
level of ⇠ 10 � 20%. The recombination rate (30) is
slightly inaccurate for z & 900 (with errors at the level
of at most a few percent), but becomes exact at low red-
shifts, for which the recombination dynamics is controlled
by the rate at which electrons and protons can meet and
recombine, rather than the details of the transitions from
the first excited states to the ground state.

For z < 1020 the free-electron fraction is already much
larger than its value in Saha equilibrium and the second
term in Eq. (30) is less than 10�4 times the first term.
We therefore have, to an excellent accuracy,

ẋe ⇡ �CABnHx2
e. (33)
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cooling). Neglecting the small correction term �Q̇e, we
get the evolution equation for the gas temperature
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where q̇C is the Compton heating rate per particle:
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⌘ 3

2
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where �T is the Thomson cross-section, ar is the radia-
tion constant, me is the electron mass, and the second
equality defines the rate �C(z), which is a weakly vary-
ing function of redshift for z < 1000 as the plasma has
mostly recombined and xe ⌧ 1.

We write Tgas = T gas(1 + �Tgas
) and xe = xe(1 + �xe

).
The homogeneous part of Eq. (25) gives the evolution of
the average matter temperature

Ṫ gas + 2HT gas = �Cxe(Tcmb � T gas). (27)

We now turn to the perturbations. Assuming the helium
to hydrogen ratio is uniform, and up to very small correc-
tions of order xe⇥(me/mp), we have �nH/nH = �b. Since
we are considering scales deep inside the Horizon, pho-
ton temperature perturbations are negligible compared
to any other perturbations, and we set Tcmb = T cmb.
Neglecting fluctuations of xe in the denominator of �C

(since xe ⌧ 1 for z  1000), this function can be as-
sumed to be uniform. The non-perturbative evolution
equation for the gas temperature fluctuation therefore
reads
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To first order, the evolution equation for the temperature
perturbations is therefore
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Refs. [9, 23] did not account for the fluctuations of the
free-electron fraction �xe

⌘ �xe/xe. This is justified at
high redshifts at which the matter temperature is very
close to the radiation temperature and the prefactor of
�xe

in Eq. (29) is small; it is also justified at z ⌧ 200
when �Cxe ⌧ H and the gas simply cools adiabatically.
However, at intermediate stages this term cannot be ne-
glected, at least formally. Besides our neglect of photon
temperature perturbations and relativisitic corrections
(of order ⇠ a2H2/k2�m ⌧ �m in the deep sub-horizon
regime), our equation (29) is identical to Eq. (B12) of
Ref. [6], and does not include spurious molecular weight
terms as in Ref. [26], where the term Q̇rec was not ac-
counted for. Was this the term that was wrong

3. Free-electron fraction fluctuations

To close our system of equations we require an evolu-
tion equation for the fluctuations in the ionization frac-
tion of the gas. Because the pre-factor of �xe

in Eq. (29)
is less than 1% for z & 500 [27], we only need to have an
accurate equation at late times and need not worry about
details of the recombination process near the peak of the
CMB visibility function (see for example Refs. [28, 29]
and references therein). We compute the background re-
combination history exactly with hyrec but when com-
puting the perturbations, we simply adopt an e↵ective
3-level atom model [30], for which the recombination rate
is given by

ẋe = �C
⇣
ABnHx2

e � 4(1 � xe)BBe
�E21/Tcmb

⌘
, (30)

where E21 = 10.2 eV is the energy of the Lyman-↵ transi-
tion, AB(Tcmb, Tgas) is the e↵ective case-B recombination
coe�cient, BB(Tcmb) is the corresponding e↵ective pho-
toionization rate, and C is the Peebles C-coe�cient [30],
which gives the ratio of the net rate of downward transi-
tions from the first excited states to their total e↵ective
lifetime:

C ⌘ 3RLy↵ + ⇤2s,1s

3RLy↵ + ⇤2s,1s + 4BB
, (31)

RLy↵ ⌘ 8⇡(H + 1
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Equation (30) is identical in spirit to that of Peebles [30]
and of Ref. [25], with however two technical di↵erences.
First, following Refs. [6, 26], we have replaced the Hubble
rate in the Lyman-↵ escape rate (32) by the local expan-
sion rate, which is enhanced by one third of the baryon
peculiar velocity divergence. Second, instead of using
the case-B recombination coe�cient ↵B(Tgas) of Ref. [31]
or a rescaled version of it, we use the exact e↵ective re-
combination coe�cient AB(Tgas, Tcmb), which accounts
for stimulated recombinations and ionizations from the
excited states during the cascading process [32]. These
coe�cients are related through ↵B = AB(Tcmb = 0). The
temperature dependence of ↵B (even rescaled by a fudge
factor) di↵ers from the correct one given by AB at the
level of ⇠ 10 � 20%. The recombination rate (30) is
slightly inaccurate for z & 900 (with errors at the level
of at most a few percent), but becomes exact at low red-
shifts, for which the recombination dynamics is controlled
by the rate at which electrons and protons can meet and
recombine, rather than the details of the transitions from
the first excited states to the ground state.

For z < 1020 the free-electron fraction is already much
larger than its value in Saha equilibrium and the second
term in Eq. (30) is less than 10�4 times the first term.
We therefore have, to an excellent accuracy,

ẋe ⇡ �CABnHx2
e. (33)

In the adiabatic limit (γC→0): 
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Conclusions

Figure 2 shows the angular power spectrum at various
redshifts. The ability to probe the small-scale power of
density fluctuations is limited only by the Jeans scale,
below which the dark matter inhomogeneities are washed
out by the finite pressure of the gas. Interestingly, the
cosmological Jeans mass reaches its minimum value,
!3" 104M#, within the redshift interval of interest
here [2]. During the epoch of reionization, photoioniza-
tion heating raises the Jeans mass by several orders of
magnitude and broadens spectral features, thus limiting
the ability of other probes of the intergalactic medium,
such as the Ly! forest, from accessing the same very low
mass scales. The 21 cm tomography has the additional
advantage of probing the majority of the cosmic gas,
instead of the trace amount (!10$5) of neutral hydrogen
probed by the Ly! forest after reionization. Similar to the
primary CMB anisotropies, the 21 cm signal is simply
shaped by gravity, adiabatic cosmic expansion, and well-
known atomic physics, and is not contaminated by com-
plex astrophysical processes that affect the intergalactic
medium at z & 30.

The small-scale power spectrum.—In most models of
inflation, the evolution of the Hubble parameter during
inflation leads to departures from a scale-invariant spec-
trum that are of order 1=Nefold with Nefold ! 60 being the
number of e-folds between the time when the scale of our
horizon was of order the horizon during inflation and the
end of inflation [11]. Recent WMAP data combined with
other measures of the power on smaller scales suggest that
the power spectrum changes with scale much faster than
inflation would have predicted [7], although this result is
still somewhat controversial. Independent hints that the
standard !CDM model may have too much power on
galactic scales have inspired several proposals for sup-
pressing the power on small scales. Examples include the
possibility that the dark matter is warm and it decoupled
while being relativistic so that its free streaming erased

small-scale power [8], or direct modifications of inflation
that produce a cutoff in the power on small scales [12]. An
unavoidable collisionless component of the cosmic mass
budget beyond cold dark matter is provided by massive
neutrinos (see [13] for a review). Particle physics experi-
ments established the mass splittings among different
species, which translate into a lower limit on the fraction
of the dark matter accounted for by neutrinos of f" >
0:3%, while current constraints based on galaxies as
tracers of the small-scale power imply f" < 12% [14].

In Fig. 3 we show the 21 cm power spectrum for
various models that differ in their level of small-scale
power. It is clear that a precise measurement of the 21 cm
power spectrum will dramatically improve current con-
straints on alternatives to the standard !CDM spectrum.

Unprecedented information.—The 21 cm signal con-
tains a wealth of information about the initial fluctua-
tions. A full sky map at a single photon frequency
measured up to lmax, can probe the power spectrum up
to kmax ! %lmax=104& Mpc$1. Such a map contains l2max
independent samples. By shifting the photon frequency,
one may obtain many independent measurements of the
power. When measuring a mode l, which corresponds to a
wave number k! l=r, two maps at different photon fre-
quencies will be independent if they are separated in
radial distance by 1=k. Thus, an experiment that covers
a spatial range "r can probe a total of k"r! l"r=r
independent maps. An experiment that detects the 21 cm
signal over a range "" centered on a frequency " is
sensitive to "r=r! 0:5%""="&%1' z&$1=2, and so it mea-
sures a total of N21 cm ! 3" 1016%lmax=106&3%""="& "
%z=100&$1=2 independent samples.

FIG. 2 (color online). Angular power spectrum of 21 cm
anisotropies on the sky at various redshifts. From top to
bottom, z ( 55; 40; 80; 30; 120; 25; 170.

FIG. 3 (color online). Upper panel: Power spectrum of 21 cm
anisotropies at z ( 55 for a !CDM scale-invariant power
spectrum, a model with n ( 0:98, a model with n ( 0:98
and !r ) 1

2 %d2 lnP=d lnk2& ( $0:07, a model of warm dark
matter particles with a mass of 1 keV, and a model in which
f" ( 10% of the matter density is in three species of massive
neutrinos with a mass of 0:4 eV each. Lower panel: Ratios
between the different power spectra and the scale-invariant
spectrum.
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suppression on Jeans scale and 
enhancement on BAO scale.
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Figure 2 shows the angular power spectrum at various
redshifts. The ability to probe the small-scale power of
density fluctuations is limited only by the Jeans scale,
below which the dark matter inhomogeneities are washed
out by the finite pressure of the gas. Interestingly, the
cosmological Jeans mass reaches its minimum value,
!3" 104M#, within the redshift interval of interest
here [2]. During the epoch of reionization, photoioniza-
tion heating raises the Jeans mass by several orders of
magnitude and broadens spectral features, thus limiting
the ability of other probes of the intergalactic medium,
such as the Ly! forest, from accessing the same very low
mass scales. The 21 cm tomography has the additional
advantage of probing the majority of the cosmic gas,
instead of the trace amount (!10$5) of neutral hydrogen
probed by the Ly! forest after reionization. Similar to the
primary CMB anisotropies, the 21 cm signal is simply
shaped by gravity, adiabatic cosmic expansion, and well-
known atomic physics, and is not contaminated by com-
plex astrophysical processes that affect the intergalactic
medium at z & 30.

The small-scale power spectrum.—In most models of
inflation, the evolution of the Hubble parameter during
inflation leads to departures from a scale-invariant spec-
trum that are of order 1=Nefold with Nefold ! 60 being the
number of e-folds between the time when the scale of our
horizon was of order the horizon during inflation and the
end of inflation [11]. Recent WMAP data combined with
other measures of the power on smaller scales suggest that
the power spectrum changes with scale much faster than
inflation would have predicted [7], although this result is
still somewhat controversial. Independent hints that the
standard !CDM model may have too much power on
galactic scales have inspired several proposals for sup-
pressing the power on small scales. Examples include the
possibility that the dark matter is warm and it decoupled
while being relativistic so that its free streaming erased

small-scale power [8], or direct modifications of inflation
that produce a cutoff in the power on small scales [12]. An
unavoidable collisionless component of the cosmic mass
budget beyond cold dark matter is provided by massive
neutrinos (see [13] for a review). Particle physics experi-
ments established the mass splittings among different
species, which translate into a lower limit on the fraction
of the dark matter accounted for by neutrinos of f" >
0:3%, while current constraints based on galaxies as
tracers of the small-scale power imply f" < 12% [14].

In Fig. 3 we show the 21 cm power spectrum for
various models that differ in their level of small-scale
power. It is clear that a precise measurement of the 21 cm
power spectrum will dramatically improve current con-
straints on alternatives to the standard !CDM spectrum.

Unprecedented information.—The 21 cm signal con-
tains a wealth of information about the initial fluctua-
tions. A full sky map at a single photon frequency
measured up to lmax, can probe the power spectrum up
to kmax ! %lmax=104& Mpc$1. Such a map contains l2max
independent samples. By shifting the photon frequency,
one may obtain many independent measurements of the
power. When measuring a mode l, which corresponds to a
wave number k! l=r, two maps at different photon fre-
quencies will be independent if they are separated in
radial distance by 1=k. Thus, an experiment that covers
a spatial range "r can probe a total of k"r! l"r=r
independent maps. An experiment that detects the 21 cm
signal over a range "" centered on a frequency " is
sensitive to "r=r! 0:5%""="&%1' z&$1=2, and so it mea-
sures a total of N21 cm ! 3" 1016%lmax=106&3%""="& "
%z=100&$1=2 independent samples.

FIG. 2 (color online). Angular power spectrum of 21 cm
anisotropies on the sky at various redshifts. From top to
bottom, z ( 55; 40; 80; 30; 120; 25; 170.

FIG. 3 (color online). Upper panel: Power spectrum of 21 cm
anisotropies at z ( 55 for a !CDM scale-invariant power
spectrum, a model with n ( 0:98, a model with n ( 0:98
and !r ) 1

2 %d2 lnP=d lnk2& ( $0:07, a model of warm dark
matter particles with a mass of 1 keV, and a model in which
f" ( 10% of the matter density is in three species of massive
neutrinos with a mass of 0:4 eV each. Lower panel: Ratios
between the different power spectra and the scale-invariant
spectrum.
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Figure 2 shows the angular power spectrum at various
redshifts. The ability to probe the small-scale power of
density fluctuations is limited only by the Jeans scale,
below which the dark matter inhomogeneities are washed
out by the finite pressure of the gas. Interestingly, the
cosmological Jeans mass reaches its minimum value,
!3" 104M#, within the redshift interval of interest
here [2]. During the epoch of reionization, photoioniza-
tion heating raises the Jeans mass by several orders of
magnitude and broadens spectral features, thus limiting
the ability of other probes of the intergalactic medium,
such as the Ly! forest, from accessing the same very low
mass scales. The 21 cm tomography has the additional
advantage of probing the majority of the cosmic gas,
instead of the trace amount (!10$5) of neutral hydrogen
probed by the Ly! forest after reionization. Similar to the
primary CMB anisotropies, the 21 cm signal is simply
shaped by gravity, adiabatic cosmic expansion, and well-
known atomic physics, and is not contaminated by com-
plex astrophysical processes that affect the intergalactic
medium at z & 30.

The small-scale power spectrum.—In most models of
inflation, the evolution of the Hubble parameter during
inflation leads to departures from a scale-invariant spec-
trum that are of order 1=Nefold with Nefold ! 60 being the
number of e-folds between the time when the scale of our
horizon was of order the horizon during inflation and the
end of inflation [11]. Recent WMAP data combined with
other measures of the power on smaller scales suggest that
the power spectrum changes with scale much faster than
inflation would have predicted [7], although this result is
still somewhat controversial. Independent hints that the
standard !CDM model may have too much power on
galactic scales have inspired several proposals for sup-
pressing the power on small scales. Examples include the
possibility that the dark matter is warm and it decoupled
while being relativistic so that its free streaming erased

small-scale power [8], or direct modifications of inflation
that produce a cutoff in the power on small scales [12]. An
unavoidable collisionless component of the cosmic mass
budget beyond cold dark matter is provided by massive
neutrinos (see [13] for a review). Particle physics experi-
ments established the mass splittings among different
species, which translate into a lower limit on the fraction
of the dark matter accounted for by neutrinos of f" >
0:3%, while current constraints based on galaxies as
tracers of the small-scale power imply f" < 12% [14].

In Fig. 3 we show the 21 cm power spectrum for
various models that differ in their level of small-scale
power. It is clear that a precise measurement of the 21 cm
power spectrum will dramatically improve current con-
straints on alternatives to the standard !CDM spectrum.

Unprecedented information.—The 21 cm signal con-
tains a wealth of information about the initial fluctua-
tions. A full sky map at a single photon frequency
measured up to lmax, can probe the power spectrum up
to kmax ! %lmax=104& Mpc$1. Such a map contains l2max
independent samples. By shifting the photon frequency,
one may obtain many independent measurements of the
power. When measuring a mode l, which corresponds to a
wave number k! l=r, two maps at different photon fre-
quencies will be independent if they are separated in
radial distance by 1=k. Thus, an experiment that covers
a spatial range "r can probe a total of k"r! l"r=r
independent maps. An experiment that detects the 21 cm
signal over a range "" centered on a frequency " is
sensitive to "r=r! 0:5%""="&%1' z&$1=2, and so it mea-
sures a total of N21 cm ! 3" 1016%lmax=106&3%""="& "
%z=100&$1=2 independent samples.

FIG. 2 (color online). Angular power spectrum of 21 cm
anisotropies on the sky at various redshifts. From top to
bottom, z ( 55; 40; 80; 30; 120; 25; 170.

FIG. 3 (color online). Upper panel: Power spectrum of 21 cm
anisotropies at z ( 55 for a !CDM scale-invariant power
spectrum, a model with n ( 0:98, a model with n ( 0:98
and !r ) 1

2 %d2 lnP=d lnk2& ( $0:07, a model of warm dark
matter particles with a mass of 1 keV, and a model in which
f" ( 10% of the matter density is in three species of massive
neutrinos with a mass of 0:4 eV each. Lower panel: Ratios
between the different power spectra and the scale-invariant
spectrum.
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