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Motivation: source for eLISA

Extreme-mass-ratio inspiral (EMRI)

~1-10M¢ neutron star or black hole orbits supermassive black hole
m emits gravitational radiation, loses energy, spirals into M
~1-100 events detectable in eLISA’s lifetime

waveforms carry information about strong-field dynamics and
structure of spacetime near black hole

@ need to model motion of small body

M é
gravitational
waves
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Intro
More motivation

A
Interface between models
@ establish benchmarks for Post-
m < M limit of c | | Newtonian
post-Newtonian theory and -% theory
numerical relativit G
o ’ 4 -
o fix high-order o
post-Newtonian parameters Numerical Self-force
o fix Effective One Body Relativity
parameters [

mass ratio M/m

Modeling IMRIs and similar-mass binaries

o self-force has surprisingly large domain of validity [Le Tiec et al]

@ potentially accurate model of intermediate-mass-ratio and even
similar-mass binaries
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Point particle picture

Linearized theory

@ treat m as point particle, with
stress-energy THY ~ md>(zP — 2P)

@ write total metric as g, + . !
(e.g., guv is metric of M,
hy is created by m)

o
@ approximate Einstein equation 2(r)

Guvlg + h] = 87 T, with
linearized EFE 5 G [h] = 8r T

<

time

part of perturbation propagates

. éace
slower than light

@ light “cone” bends
.". by, depends on past history
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Intro
Extreme-mass-ratio inspirals

Y é
gravitational
waves
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Intro
Extreme-mass-ratio inspirals

& Q@@
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Intro

Self-force: geodesic motion in an effective metric

MiSaTaQuWa equation [Mino,Sasaki, Tanaka, & Quinn,Wald]

@ nonlocal tail acts as potential, exerts force F'* ~ mVHtail

@ tail isn't nice: non-differentiable, not a solution to a field equation

Generalized equivalence principle [Detweiler-Whiting]
S(1) | R

@ local field near particle split into two: h(ll,) = huw

° hil(/l) ~ 2 + O(r7); local bound field of particle
hR(l)

~ tail + local terms; smooth solution to source-free EFE
R(1)

@ motion is geodesic in effective metric g, + huv

-

body’s field hqg singular field hgﬂ regular field h,ff’ﬁ

A
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Intro
utline

© Introduction

© Motion of a small extended body

© First-order equation of motion (MiSaTaQuWa)
@ Second-order equation of motion

© Calculating the field
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Extended body

Outline

© Motion of a small extended body
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Extended body

A small extended body moving through spacetime

Fundamental question
@ how does a body's gravitational field affect its own motion?

Regime: small body body of mass manifold M

0 - time
@ examine spacetime
(M,g,,) containing
body of mass m and
external lengthscales R
@ seek representation of
body's motion when its

mass and size are < R |
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Extended body

Non-perturbative approach [Harte 2011]

Non-perturbative decomposition

@ split metric into “self-field” generated by body and slowly varying
remainder

R

v

full metric g,,,, "self field" A5

o effective metric g, + h

Equation of motion

@ body moves as test body in effective metric g, + hff,j:
motion is geodesic except for coupling of body's multipole moments
I~ fbody TH¥ to curvature of effective metric
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Extended body
However...

Material body

@ integrals over body's interior preclude description of black hole

@ describing motion in terms of metric isn't sufficient: we need a
means of solving the EFE to obtain the metric (and a means of
isolating the effective metric)

@ minor drawback: Harte's effective metric doesn't satisfy vacuum
EFE = not a “nice” generalization of Detweiler-Whiting field
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Extended body

Perturbation theory

@ treat body as source of perturbation of external background
spacetime (Mg, g, ):

S = Guv + ehl(ﬁ) + thﬁ) +...

@ ¢ counts powers of m

@ assume body is compact, so as m — 0, linear size — 0 at same rate

o seek representation of motion in (Mg, g,.)

diffeomorphism

/\

Body in exact spacetime Representation of motion
in external spacetime

Adam Pound The motion of small bodies in curved spacetime



Extended body

Challenges in applying perturbation theory

Multiple time scales in binary
@ orbital period (~ M)
e time over which inspiral occurs (~ M?/m)

Multiple length scales

@ near small object: scale of object's size (~ m)

@ everywhere else: scale of external universe (~ M)

Identifying object’s position, spin, higher moments

@ point particle not valid in nonlinear field theory such as GR

@ how do we capture bulk parameters without worrying about details
of object’s composition?

@ how do we best represent the small object’s bulk motion (e.g.,
identify its “center")?
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Extended body

Approach | [Gralla & Wald 2008]: power series

Expansion of EFE

@ expand metric in Taylor series:

8w (2, €) = gu(z) + ehftll,)(x) I e2hl(3,)(x) + ...
@ solve EFE order by order outside body:

5GPV =0
§ Gy [M] = =82 Gy [BV)]

@ motion determined by Bianchi identity

Adam Pound The motion of small bodies in curved spacetime



Extended body

Representation of motion in power series

2 (7€) = 2, (1) + €23, (7) + 62z(”2)(7') +... J

o z(, identified as time —

(0)
emnant of body at
o G
7 M
@ self-force corrections
accounted for by /10

deviation vectors
%y (7)

Problem

@ as body drifts away from ~q, corrections z(“n) (1) grow large

@ representation of motion only meaningful and accurate for short time
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Extended body

Approach Il [Pound 2010]: self-consistent expansion

Unexpanded worldline

time
@ rather than finding
deviation vectors v
z(“n), seek a worldline Mg
zH (7, €) that %o
faithfully tracks /

body's bulk motion

Self-consistent expansion

@ since h,, depends on v, can't expand h,, in regular power series
without also expanding v

@ allow v to depend on € and assume expansion of form

guu(xy 6) = gu,,(l’) + h/w(I; 7)
= gu (@) + ) (z;7) + R (m7) + ...
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Extended body

Finding the field in a self-consistent expansion

Expansion of EFE

@ need a method of systematically solving for each h,([,ﬁ)
= use method analogous to post-Newtonian/Minkowskian theory in
harmonic gauge

@ separate gravitational from material degrees of freedom by imposing
Lorenz gauge (or other wave gauge) on the total perturbation:

VR =0
@ 0G,,, becomes a wave operator and EFE outside body becomes
weakly nonlinear wave equation:

DRy + 2R,P 7 hoo = 282G [R] + . ..

@ split into wave equation for each subsequent hff,l,) [v] and exactly
solve with arbitrary v

@ gauge condition constrains v (and other matter degrees of freedom)
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Extended body

Matched asymptotic expansions

M
.
@ define buffer region by
mILr<R m
@ because m < r, can treat inner region
mass as small perturbation (r ~m)
of external background buffer
@ because r < R, can extract region
information about small external universe (r ~ R)
body
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Extended body

Matched asymptotic expansions: the inner expansion

Zoom in on body

@ use scaled coords 7 ~ /€ to keep size of body fixed, send other
distances to infinity as e — 0

@ unperturbed body defines background spacetime gz, in inner
expansion

@ buffer region at asymptotic infinity » > m
= can define multipole moments without integrals over body

diffeomorphism 1))
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Extended body

Position at first order: Gralla-Wald definition

Reminder: mass dipole moment

corresponds to displacement of center of mass from

origin of coordinates

work in coordinates
centered on 2}

@ calculate mass

dipole M* of inner
background g7,

first-order correction
due to self-force:

mzl = M*

w
t A <0 ,
= °
| 71 g
Sm
: buffer region
—
-)" o
®
>
0 r
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Extended body

Position at first order: self-consistent definition

Mass dipole about z*
We want to find worldline z# for which M* =0

o : :
A Z @ work in coordinates
centered on
unspecified z*

@ calculate mass
dipole M* of inner
background g7,

o first-order
acceleration of z*:
whatever ensures
M*F =0

0 r
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[=%¢ d body

Position in self-consistent expansion (continued)

Enforce a relationship between the expansions

...to define a worldline for all time, even for black hole

@ in buffer region in Mg, write
metric in coordinates centered
on 7y

@ make body at “center” of
coordinates, in that its mass
dipole vanishes in M
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First order

Outline

© First-order equation of motion (MiSaTaQuWa)
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First order

Solving the EFE in buffer region

Expansion for small r

@ in coordinates centered on +, allow all negative powers of 7 in hfﬁ,)

@ but inner expansion must not have negative powers of ¢

; ; (n) ioe® _ & _ 1
= most singular power of rin €"hy,’ is & = =

enyn n

1
(n) _ —n) | p—ntlp(n—n+l) | —n+2} (n,—n+2)
h,];_rnhf]; W il g e 2pnnt2)

N

Information from inner expansion

@ 1/7™ terms arise from asymptotic expansion of zeroth-order
background in inner expansion

= h,(ﬁ,’_") is determined by multipole moments of isolated body
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First order
Form of solution in buffer region

What appears in the solution?

@ put expansion into nth-order wave equation, solve order by order in r

@ expand each h,(]f,’p) in spherical harmonics

@ given a worldline v, the solution at all orders is fully characterized by

o . £Lm
body’s multipole moments (and corrections thereto): ~ :QT

smooth solutions to vacuum wave equation: ~ rfytm

@ everything else made of (linear or nonlinear) combinations of the
above

Self field and regular field

@ multipole moments define hﬁl(,"); interpret as bound field of body

@ smooth homogeneous solutions define h,%n); free radiation,
determined by global boundary conditions
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First order

First and second order solutions

BY = BSD 4 RO

° hS(l) ~1/r+ O(r°) defined by mass monopole m

hi”,,( ) is undetermined homogenous solution regular at 7 = 0

evolution equations (from gauge condition): 7 = 0 and a/, =0

(assuming a* = afgy +€afyy +...)

Second order

o 1D = KD + HS?

o his?) ~1/r2+ O(1/r) defined by
monopole correction dm

mass dipole M*
spin dipole S*

@ evolution equations: SK = 0, Sm = ..., and Mr = ...
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First order

A master equation of motion

Evolution of mass dipole

M — Rafgwsuﬂ’LﬂM& = —ma(o‘l) + %Ra575u55’75

—im(g* + uau‘s)(thz(}W) - hgw(;lé)) uPu?

)

hots of bod
geodesic deviation Snapshots of bocy

o first-order term in acceleration of ~

@ Mathisson-Papapetrou spin force

o self-force (force due to regular field) ta
°

this relationship between a® and to
M* is valid for any
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First order
A master equation of motion

Evolution of mass dipole

Ma Ra,g,w;uﬂuvMJ —ma(al) aF %R“575u55’75

—im(g* + uau‘s)(thz(}W) - hgw(;lé)) uPu?

Includes
, — snapshots of body i
ol geodesic deviation |

o first-order term in acceleration of ~

@ Mathisson-Papapetrou spin force
o self-force (force due to regular field) ta

@ this relationship between a® and to
M* is valid for any
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First order

A master equation of motion

Evolution of mass dipole

M — R%g 5ulPu M = 1R 5,5uP 87
m(ga5 + u® u‘s)(2h§ﬁ(2 = hgw(;lé)) uPuy

snapshots of body i

@ geodesic deviation

ol first-order term in acceleration of fyl
@ Mathisson-Papapetrou spin force

o self-force (force due to regular field) 7

@ this relationship between a® and
M* is valid for any
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First order

A master equation of motion
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First order

A master equation of motion

Evolution of mass dipole

M — Rafgwsuﬂ’LﬂM& = —ma(o‘l) + %Ra575u55’75
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First order
Equations of motion

Self-force in self-consistent expansion
o -y defined by M%(¢) = 0. Therefore

@ through order ¢, small body moves on a geodesic of g, + hﬁy

Self-force in Gralla-Wald expansion

@ + is geodesic, so afn) = 0. Therefore

D>M*®

W _ Raﬁ’yéuﬁuvMé o lm (ga6 + uaué)(QhR(l) . hR(l)) UB’U,V

2 685y B;0
+ %Raﬂwi“ﬂsw
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Second order

Outline

@ Second-order equation of motion
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Second order
Why second order?

Modeling EMRIs

e inspiral occurs very slowly, on radiation-reaction time t.. ~ 1/m

@ neglecting second-order self-force leads to error in acceleration
da* ~ m?
= error in position §z* ~ m?t?

= after radiation-reaction time t,. ~ 1/m, error §z ~ 1

*. accurately describing orbital evolution requires second-order force

Modeling IMRIs and similar-mass binaries

@ second-order self-force should yield highly accurate model for IMRIs

o will fix terms quadratic in mass in post-Newtonian and Effective One
Body theory
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Second order
Position at second order: mass-centered gauges

@ mass dipole moment defined for asymptotically flat spacetimes

@ beyond zeroth order, inner expansion is not asymptotically flat

Solution

e find gauge in which field is manifestly mass-centered on 2} (or z/)

@ define position in other gauges by referring to transformation to that
mass-centered gauge

v

Adam Pound The motion of small bodies in curved spacetime



Second order

Position at second order: Gralla's definition [2012]

Gauge in a Gralla-Wald-type expansion

On short timescales, position relative to z(‘)‘

is pure gauge

0 r
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Second order

Position at second order: Gralla's definition [2012]

Gauge in a Gralla-Wald-type expansion

On short timescales, position relative to 2 is pure gauge
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Second order

Position at second order: Gralla's definition [2

Gauge in a Gralla-Wald-type expansion

On short timescales, position relative to 2 is pure gauge

7 @ start in gauge
IA 0 mass-centered on z))
=22'=2'=0
@ under a small coordinate
transformation, the position
transforms just as
coordinates do
o First order:
T
0

2 =&

@ Second order:

> Zg :§g|20 +§1VaV£I£L|Zo
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Second order

Position at second order: Gralla's definition [2

Gauge in a Gralla-Wald-type expansion

On short timescales, position relative to 2 is pure gauge

m @ start in gauge
t 20 m
A . mass-centered on z
=4 =24'=0
N : 1 2
4 @ under a small coordinate
o transformation, the position
> transforms just as
I coordinates do
>® o First order:
' Y
! 7 =81l
®
: @ Second order:
B p I
0 7 2y =& lz +E100E |2
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Position at second order: self-consistent [Pound '12]

Gauge in a self-consistent expansion

Over a radiation-reaction time, position relative to z) is not pure gauge

zA or @ start in gauge
mass-centered on z*
@ demand that
m transformation to
Azk practical (e.g., Lorenz)

gauge does not move z*
@ i.e., insist
m /5(“”) dQ2 =0

li

r—0
@ ensures worldline in the

two gauges is the same

0 r
Adam Pound The motion of small bodies in curved spacetime



Second order

Self-consistent equation of motion in Lorenz gauge

Neglecting object’s spin and quadrupole moment,

D2+ 1

dr? 5(
@ here hR = ehﬂ,,l) + 2h

guu + uﬂu’/) (ng - h};{p) (ha)\ 2 2h’p0 )\) UUA + 0(63)

Generalized equivalence principle

o M satisfies geodesic equation in g, + hf}y

o recall: here g, + h%, is a “physical” field in the sense of satisfying

vacuum EFE

(N7

@ extends results of Detweiler-Whiting to second order
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Field

Outline

© Calculating the field
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Effective interior metric

From self-field to singular field

o hij, and hY, derived only in buffer region
@ simply extend them to all 7 > 0 (and r = 0, for hll}l,)
@ does not change field in buffer region or beyond

y A 4

full metric g, "self field" hfw effective metric g, + h}fu
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Effective interior metric

From self-field to singular field

o hij, and hY, derived only in buffer region
@ simply extend them to all 7 > 0 (and r = 0, for hll}l,)
@ does not change field in buffer region or beyond

G- § &

full metric g,,,, "self field" effective metric g, + hi,

na
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Effective interior metric

From self-field to singular field

o hij, and hY, derived only in buffer region
@ simply extend them to all 7 > 0 (and r = 0, for hll}l,)
@ does not change field in buffer region or beyond

effective metric g, + hi,

full metric
8w singular field A5

pv
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Obtaining global solution

Puncture/effective source scheme

o define A" as small-r expansion of hﬁy truncated at finite order in r

(17

e PR — P o pR
o define h,;, = hy, — by, ~ hy,

out here, solve
§G 1] = —82GH [h%y)]

in here, solve —)0

5G] = —62GH (0] — G (Wi

@ to calculate effective metric “inside” body and full metric
everywhere else, all you need is hSV found in buffer region
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Field
More on puncturing

Actual fields Punctured version

[y |
[y |

A note on singularities

@ derivations of self-force from matched expansions yield an expression
for the force in terms of a manifestly finite field outside the object

@ we don't begin with an infinity and subtract an infinity
—we write a known finite field as the limit of the difference between
two known divergent fields
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Field

Effective stress-energy tensor

What does the field look like outside the object?

o recall multipole moment terms ~ Y™ /71 in b3,

o using distribution theory, can show these terms (not entire field) are
effectively sourced by § functions and derivatives of them on ~
= in buffer region and further away, body looks like a skeleton of
multipole moments on -y

Point particle picture recovered

@ at first order, entire field identical to one that is sourced by

- . v 54 (xP — 2
point-particle stress-energy T(’i)[fy] = f,y mu“u”%m’

@ all the early point-particle results hold true
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Field
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Field
Conclusion

Determining the motion of a small body

@ matched asymptotic expansions and self-consistent expansion used
to overcome problems of multiple scales

@ a self-gravitating compact object moves as a test body in an
effective geometry g,.,, + hy,

o self-field hiy calculated in buffer region outside body suffices to
determine both k%, and Ay,

Current status

@ for spherical, nonspinning body, analytical portion of problem now
solved at second order [Pound 2012, Gralla 2012]

@ wealth of numerical results at first order [Barack, Detweiler, etc.]
@ numerical implementation of second-order scheme is underway

@ for more general body, we will require some model for evolution of
body’s multipole moments
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Field

Singular field (spin terms only)

aij ajd T
iy = A SR 4 (58 € )
+ 3a“abSdedenc + %Sbé‘CdGbcin -8 SCd ¢ ZTLCm + baCSdeadiﬁbm-
+ T(%Sbeabcad,ttffd + %Sbeabcaatt - %SbBCdﬁabcd - %Salgbc’flbc
+%Sb6 CAaC+4IS BaC’\ %Sb[gab_%abscgdiecdjﬁabij
+ 50" S8V I s + §a“S Eepaine’ + %abscgdiebcmad
+ 3abS Eylecgin®™ + o 13abgegdica g + 11 69 405°E%€ L gi iy
+ 357 1T b Seebic, fai + SjabSCSb €% it — gabscé’“debciﬁdi
abchb € cd+ 191 bchadebcd+leeb ngdiﬁadij
4 %Sbeabigcdzﬁcd 4 %Sbgaczebdz cd 385 aba adsieaijﬁbcdj

+ 2a® a’atS% gt — bee“b]é’"dlncd”) + 0(r?),
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