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FIG. 1: First Hubble-flow parameter ε1, function of the infla-
ton field, during its evolution started in the large field phase,
in the slow-roll approximation (red !) and from the exact
dynamics (blue !). The curves correspond to µ = 0.1mpl

(dashed line) , µ = 0.4mpl (solid line).

may think that inflation always takes place for φ < φmax.
However, exact numerical results show that this conclu-
sion is erroneous: ε1 does not necessarily become negligi-
ble when the field vanishes (see the dashed blue curve).
As a consequence, inflation does not necessarily produce
the last 60 e-folds in the small field regime (φ < φmax).
One could think that the small field phase will however
always appear after some oscillations of φ around φ = 0,
since finally, ε1 always tend to 0. But this does not take
into account the instability due to the auxiliary field that
forces the evolution to stop before reaching φ = 0.

From Fig. 1, it is clear that the presence or not of
small field phase of inflation depend on the parameter
µ (difference between the dashed and plain curves). In
order to measure the efficiency/existence of this second
phase of inflation, we have plotted on Fig. 2 the number
of e-folds created between φmax and φ = 0 as a function
of µ. This shows that there exists a critical value

µcrit ! 0.32 mpl, (8)

under which the second phase of inflation will only
marginally contribute to the generation of e-folds. In this
case, the period of inflation where the observable modes
become super-Hubble will always take place in the large
field phase !(φ > φmax) provided φi > φmax.!In this
case, the potential of hybrid inflation leads to a chaotic-
like inflation, independently of the way inflation ends.
This has important consequences for the generated spec-
tral index.

2. Scalar spectral index

At first order in slow-roll parameters, the spectral in-
dex of the scalar power spectrum Pζ can be expressed

FIG. 2: Number of e-folds created between φmax and the end
of inflation, when slow-roll is not assumed. There exist a
critical value of the parameter µ under which a second phase
of inflation only marginally creates any e-folds. At the critical
value, the number of e-folds created in the second phase of
inflation diverges showing that this second phase is in slow-
roll and is very efficient.

as [46, 49]

ns − 1 ≡
dPζ

d ln k

∣

∣

∣

∣

k=k∗

= −2ε1∗ − ε2∗, (9)

where a star means that the quantity is evaluated when
at Hubble crossing aH = k∗, k∗ being a pivot scale in
the range of observable modes.

Recent experimental results from WMAP 5-years [12]
have a best fit at ns ! 0.96 and disfavor a value of
the scalar spectral index greater than unity at almost
95% confidence level (CL). From this observation, hy-
brid models have recently been considered as disfavored.
Indeed, in the slow-rolling effective one-field model, as
shown at the previous section, the last 60 e-folds of in-
flation are realized in the small field phase characterized
by a negative ε2 and a negligibly small ε1 which induces
necessarily a blue spectrum.

However, according to our results at the previous sec-
tion, we argue that there exist two mechanisms to pro-
duce a red spectrum within the standard hybrid inflation
model along the valley ψ = 0. There are two ways of
forcing the small field inflation phase not to take place,
either by instability or by violation of the slow-roll con-
dition. In both case, the consequence is that the spectral
index generated is below 1 as represented on Fig. 3. Note
that any values of the spectral index !can be actually
accommodated by the model, including the best fit for
WMAP5 data.!

a. When the critical point of instability is in the large
field phase. The first way to obtain a red spectrum is
to destabilize inflation with the waterfall field at some
stage during the large field phase or at most at the peak,
φc ≥ φmax, independently of µ. Indeed, for φ % φmax,
the inflaton potential is of the form V ! m2φ2/2 for

ε1 ≡ −
Ḣ

H2

µ = 0.1mpl

µ = 0.4mpl

(top curves)

(bottom curves)
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sectors of string theories, though not always stable and
their potential is not easily flat [48, 49]. Several models
of inflation constructed within string theories have been
proposed (see for e.g. [11, 48, 50, 51] and refs therein)
and some of them have a low-energy effective descrip-
tion that mimics hybrid inflation [10, 21, 22]. These
examples motivated us to assume that the effective in-
flationary potentials studied in this paper can also orig-
inate from frameworks in which it is safe to consider
super-planckian fields. As a conclusion, we have cho-
sen to study them both in the sub-planckian and super-
planckian field regimes. However, we will always restrict
ourselves to sub-planckian energy densities.

The rest of the paper is organized as follows. In the sec-
tion II, we extensively study the original hybrid inflation
model [13]. In particular, we discuss the validity of the
one-field slow-roll approximation and show that violation
of slow-roll conditions can strongly modify the dynamics.
Using exact numerical methods, applied on the two-field
potential, we provide a complete analysis of the space of
initial conditions and revisit the above-mentioned fine-
tuning problem. In Sec. III, we test the robustness of
our results on the three other models: SUSY/SUGRA
smooth hybrid inflation, SUSY/SUGRA shifted hybrid
inflation and radion-inflation. Our conclusions are drawn
in Sec. IV and some open questions are developed.

II. ORIGINAL HYBRID MODEL

Proposed in [13, 14], the model is based on the poten-
tial

V (φ, ψ) =
1

2
m2φ2 +

λ

4

(

ψ2 − M2
)2

+
λ′

2
φ2ψ2, (1)

where φ is the inflaton and ψ is the Higgs-type field. λ
and λ′ are two positive coupling constants, m and M
are two mass parameters. It is the most general form
(omitting a quartic term λ′′φ4) of renormalizable poten-
tial verifying the symmetries ψ ↔ −ψ and φ ↔ −φ. In
the general case, inflation is mostly assumed to be re-
alized in the false-vacuum along the ψ = 0 valley and
ends with a tachyonic instability for the Higgs-type field.
The critical point of instability below which the potential
develops non-vanishing minima is

φc = M

√

λ

λ′
. (2)

The system then evolves toward its true minimum at V =
0, 〈φ〉 = 0, and 〈ψ〉 = ±M , where throughout the paper,
〈.〉 denotes the vacuum expectation value (vev) of a field.

In this section, we will first restrict ourselves to the
effective one-field approach to re-analyze the predictions
of the spectral index for the generated power spectrum.
This will be done solving numerically the exact field equa-
tions of motion rather than assuming slow-roll. Then, we
will move one the full two-field dynamics and study the
initial conditions that lead to sufficiently long inflation.

A. Effective one-field potential

To study the inflationary phase along the valley ψ = 0,
it is common usage to restrict the potential of Eq. (1) to
a one-dimensional effective potential of the form

V (φ) = Λ4

[

1 +

(

φ

µ

)2
]

, (3)

with

µ ≡
√

λ

2

M2

m
, Λ ≡ λ1/4M/

√
2 . (4)

The Friedmann-Lemâıtre equations and the Klein-
Gordon equation in an expanding universe for this scalar
field read

H2 =
8π

3m2
pl

[

1

2
φ̇2 + V (φ)

]

,

ä

a
=

8π

3m2
pl

[

−φ̇2 + V (φ)
]

,

(5)

φ̈ + 3Hφ̇ +
dV

dφ
= 0, (6)

where a is the scale factor, H the Hubble parameter,
and the dot denotes a derivative with respect to cosmic
time. Inflation is realized starting at high field values,
the field rolling down toward 0. To mimic the two-field
dynamics, in this effective model, it is necessary to define
an effective critical value φc > 0 at which inflation ends.

The well-known slow-roll approximation consists in ne-
glecting the second derivative of the field in Eq. (6) and
the kinetic terms compared to the potential in Eq. (5).
Using the Hubble flow parameters [52, 53]

ε0 ≡ H, εn+1 ≡
d ln εn
dN

, (7)

inflation occurs for ε1 = −Ḣ/H2 < 1 and slow-roll con-
ditions are satisfied when, for all n ≥ 1, |εn| ( 1. For the
effective hybrid potential, an analytical expression of the
first and second Hubble flow parameter is easily derived
in the slow-roll approximation,

ε1(φ) =
1

4π

(

mpl

µ

)2 (φ/µ)2

[1 + (φ/µ)2]2
,

ε2(φ) =
1

2π

(

mpl

µ

)2 (φ/µ)2 − 1

[1 + (φ/µ)2]2
.

(8)

It is clear from these expressions that the slow-roll con-
ditions are satisfied for large field values. As illustrated
in Fig. 1, Eq. (8) suggests that two phases of inflation
can take place [54]. A first phase at large values of the
field, and a second phase at small values. These phases
are separated by a maximum of ε1(φ), reached at φmax,
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FIG. 1: First Hubble-flow parameter ε1, function of the infla-
ton field, during its evolution started in the large field phase,
in the slow-roll approximation (red !) and from the exact
dynamics (blue !). The curves correspond to µ = 0.1mpl

(dashed line) , µ = 0.4mpl (solid line).

may think that inflation always takes place for φ < φmax.
However, exact numerical results show that this conclu-
sion is erroneous: ε1 does not necessarily become negligi-
ble when the field vanishes (see the dashed blue curve).
As a consequence, inflation does not necessarily produce
the last 60 e-folds in the small field regime (φ < φmax).
One could think that the small field phase will however
always appear after some oscillations of φ around φ = 0,
since finally, ε1 always tend to 0. But this does not take
into account the instability due to the auxiliary field that
forces the evolution to stop before reaching φ = 0.

From Fig. 1, it is clear that the presence or not of
small field phase of inflation depend on the parameter
µ (difference between the dashed and plain curves). In
order to measure the efficiency/existence of this second
phase of inflation, we have plotted on Fig. 2 the number
of e-folds created between φmax and φ = 0 as a function
of µ. This shows that there exists a critical value

µcrit ! 0.32 mpl, (8)

under which the second phase of inflation will only
marginally contribute to the generation of e-folds. In this
case, the period of inflation where the observable modes
become super-Hubble will always take place in the large
field phase !(φ > φmax) provided φi > φmax.!In this
case, the potential of hybrid inflation leads to a chaotic-
like inflation, independently of the way inflation ends.
This has important consequences for the generated spec-
tral index.

2. Scalar spectral index

At first order in slow-roll parameters, the spectral in-
dex of the scalar power spectrum Pζ can be expressed

FIG. 2: Number of e-folds created between φmax and the end
of inflation, when slow-roll is not assumed. There exist a
critical value of the parameter µ under which a second phase
of inflation only marginally creates any e-folds. At the critical
value, the number of e-folds created in the second phase of
inflation diverges showing that this second phase is in slow-
roll and is very efficient.

as [46, 49]

ns − 1 ≡
dPζ

d ln k

∣

∣

∣

∣

k=k∗

= −2ε1∗ − ε2∗, (9)

where a star means that the quantity is evaluated when
at Hubble crossing aH = k∗, k∗ being a pivot scale in
the range of observable modes.

Recent experimental results from WMAP 5-years [12]
have a best fit at ns ! 0.96 and disfavor a value of
the scalar spectral index greater than unity at almost
95% confidence level (CL). From this observation, hy-
brid models have recently been considered as disfavored.
Indeed, in the slow-rolling effective one-field model, as
shown at the previous section, the last 60 e-folds of in-
flation are realized in the small field phase characterized
by a negative ε2 and a negligibly small ε1 which induces
necessarily a blue spectrum.

However, according to our results at the previous sec-
tion, we argue that there exist two mechanisms to pro-
duce a red spectrum within the standard hybrid inflation
model along the valley ψ = 0. There are two ways of
forcing the small field inflation phase not to take place,
either by instability or by violation of the slow-roll con-
dition. In both case, the consequence is that the spectral
index generated is below 1 as represented on Fig. 3. Note
that any values of the spectral index !can be actually
accommodated by the model, including the best fit for
WMAP5 data.!

a. When the critical point of instability is in the large
field phase. The first way to obtain a red spectrum is
to destabilize inflation with the waterfall field at some
stage during the large field phase or at most at the peak,
φc ≥ φmax, independently of µ. Indeed, for φ % φmax,
the inflaton potential is of the form V ! m2φ2/2 for

ε1 ≡ −
Ḣ

H2

µ = 0.1mpl

µ = 0.4mpl
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sectors of string theories, though not always stable and
their potential is not easily flat [48, 49]. Several models
of inflation constructed within string theories have been
proposed (see for e.g. [11, 48, 50, 51] and refs therein)
and some of them have a low-energy effective descrip-
tion that mimics hybrid inflation [10, 21, 22]. These
examples motivated us to assume that the effective in-
flationary potentials studied in this paper can also orig-
inate from frameworks in which it is safe to consider
super-planckian fields. As a conclusion, we have cho-
sen to study them both in the sub-planckian and super-
planckian field regimes. However, we will always restrict
ourselves to sub-planckian energy densities.

The rest of the paper is organized as follows. In the sec-
tion II, we extensively study the original hybrid inflation
model [13]. In particular, we discuss the validity of the
one-field slow-roll approximation and show that violation
of slow-roll conditions can strongly modify the dynamics.
Using exact numerical methods, applied on the two-field
potential, we provide a complete analysis of the space of
initial conditions and revisit the above-mentioned fine-
tuning problem. In Sec. III, we test the robustness of
our results on the three other models: SUSY/SUGRA
smooth hybrid inflation, SUSY/SUGRA shifted hybrid
inflation and radion-inflation. Our conclusions are drawn
in Sec. IV and some open questions are developed.

II. ORIGINAL HYBRID MODEL

Proposed in [13, 14], the model is based on the poten-
tial

V (φ, ψ) =
1

2
m2φ2 +

λ

4

(

ψ2 − M2
)2

+
λ′

2
φ2ψ2, (1)

where φ is the inflaton and ψ is the Higgs-type field. λ
and λ′ are two positive coupling constants, m and M
are two mass parameters. It is the most general form
(omitting a quartic term λ′′φ4) of renormalizable poten-
tial verifying the symmetries ψ ↔ −ψ and φ ↔ −φ. In
the general case, inflation is mostly assumed to be re-
alized in the false-vacuum along the ψ = 0 valley and
ends with a tachyonic instability for the Higgs-type field.
The critical point of instability below which the potential
develops non-vanishing minima is

φc = M

√

λ

λ′
. (2)

The system then evolves toward its true minimum at V =
0, 〈φ〉 = 0, and 〈ψ〉 = ±M , where throughout the paper,
〈.〉 denotes the vacuum expectation value (vev) of a field.

In this section, we will first restrict ourselves to the
effective one-field approach to re-analyze the predictions
of the spectral index for the generated power spectrum.
This will be done solving numerically the exact field equa-
tions of motion rather than assuming slow-roll. Then, we
will move one the full two-field dynamics and study the
initial conditions that lead to sufficiently long inflation.

A. Effective one-field potential

To study the inflationary phase along the valley ψ = 0,
it is common usage to restrict the potential of Eq. (1) to
a one-dimensional effective potential of the form

V (φ) = Λ4

[

1 +

(

φ

µ

)2
]

, (3)

with

µ ≡
√

λ

2

M2

m
, Λ ≡ λ1/4M/

√
2 . (4)

The Friedmann-Lemâıtre equations and the Klein-
Gordon equation in an expanding universe for this scalar
field read

H2 =
8π

3m2
pl

[

1

2
φ̇2 + V (φ)

]

,

ä

a
=

8π

3m2
pl

[

−φ̇2 + V (φ)
]

,

(5)

φ̈ + 3Hφ̇ +
dV

dφ
= 0, (6)

where a is the scale factor, H the Hubble parameter,
and the dot denotes a derivative with respect to cosmic
time. Inflation is realized starting at high field values,
the field rolling down toward 0. To mimic the two-field
dynamics, in this effective model, it is necessary to define
an effective critical value φc > 0 at which inflation ends.

The well-known slow-roll approximation consists in ne-
glecting the second derivative of the field in Eq. (6) and
the kinetic terms compared to the potential in Eq. (5).
Using the Hubble flow parameters [52, 53]

ε0 ≡ H, εn+1 ≡
d ln εn
dN

, (7)

inflation occurs for ε1 = −Ḣ/H2 < 1 and slow-roll con-
ditions are satisfied when, for all n ≥ 1, |εn| ( 1. For the
effective hybrid potential, an analytical expression of the
first and second Hubble flow parameter is easily derived
in the slow-roll approximation,

ε1(φ) =
1

4π

(

mpl

µ

)2 (φ/µ)2

[1 + (φ/µ)2]2
,

ε2(φ) =
1

2π

(
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µ

)2 (φ/µ)2 − 1

[1 + (φ/µ)2]2
.

(8)

It is clear from these expressions that the slow-roll con-
ditions are satisfied for large field values. As illustrated
in Fig. 1, Eq. (8) suggests that two phases of inflation
can take place [54]. A first phase at large values of the
field, and a second phase at small values. These phases
are separated by a maximum of ε1(φ), reached at φmax,
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FIG. 1: First Hubble-flow parameter ε1, function of the infla-
ton field, during its evolution started in the large field phase,
in the slow-roll approximation (red !) and from the exact
dynamics (blue !). The curves correspond to µ = 0.1mpl

(dashed line) , µ = 0.4mpl (solid line).

may think that inflation always takes place for φ < φmax.
However, exact numerical results show that this conclu-
sion is erroneous: ε1 does not necessarily become negligi-
ble when the field vanishes (see the dashed blue curve).
As a consequence, inflation does not necessarily produce
the last 60 e-folds in the small field regime (φ < φmax).
One could think that the small field phase will however
always appear after some oscillations of φ around φ = 0,
since finally, ε1 always tend to 0. But this does not take
into account the instability due to the auxiliary field that
forces the evolution to stop before reaching φ = 0.

From Fig. 1, it is clear that the presence or not of
small field phase of inflation depend on the parameter
µ (difference between the dashed and plain curves). In
order to measure the efficiency/existence of this second
phase of inflation, we have plotted on Fig. 2 the number
of e-folds created between φmax and φ = 0 as a function
of µ. This shows that there exists a critical value

µcrit ! 0.32 mpl, (8)

under which the second phase of inflation will only
marginally contribute to the generation of e-folds. In this
case, the period of inflation where the observable modes
become super-Hubble will always take place in the large
field phase !(φ > φmax) provided φi > φmax.!In this
case, the potential of hybrid inflation leads to a chaotic-
like inflation, independently of the way inflation ends.
This has important consequences for the generated spec-
tral index.

2. Scalar spectral index

At first order in slow-roll parameters, the spectral in-
dex of the scalar power spectrum Pζ can be expressed

FIG. 2: Number of e-folds created between φmax and the end
of inflation, when slow-roll is not assumed. There exist a
critical value of the parameter µ under which a second phase
of inflation only marginally creates any e-folds. At the critical
value, the number of e-folds created in the second phase of
inflation diverges showing that this second phase is in slow-
roll and is very efficient.

as [46, 49]

ns − 1 ≡
dPζ

d ln k

∣
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k=k∗

= −2ε1∗ − ε2∗, (9)

where a star means that the quantity is evaluated when
at Hubble crossing aH = k∗, k∗ being a pivot scale in
the range of observable modes.

Recent experimental results from WMAP 5-years [12]
have a best fit at ns ! 0.96 and disfavor a value of
the scalar spectral index greater than unity at almost
95% confidence level (CL). From this observation, hy-
brid models have recently been considered as disfavored.
Indeed, in the slow-rolling effective one-field model, as
shown at the previous section, the last 60 e-folds of in-
flation are realized in the small field phase characterized
by a negative ε2 and a negligibly small ε1 which induces
necessarily a blue spectrum.

However, according to our results at the previous sec-
tion, we argue that there exist two mechanisms to pro-
duce a red spectrum within the standard hybrid inflation
model along the valley ψ = 0. There are two ways of
forcing the small field inflation phase not to take place,
either by instability or by violation of the slow-roll con-
dition. In both case, the consequence is that the spectral
index generated is below 1 as represented on Fig. 3. Note
that any values of the spectral index !can be actually
accommodated by the model, including the best fit for
WMAP5 data.!

a. When the critical point of instability is in the large
field phase. The first way to obtain a red spectrum is
to destabilize inflation with the waterfall field at some
stage during the large field phase or at most at the peak,
φc ≥ φmax, independently of µ. Indeed, for φ % φmax,
the inflaton potential is of the form V ! m2φ2/2 for

ε1 ≡ −
Ḣ

H2

µ = 0.1mpl

µ = 0.4mpl
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1 +

(
φ

µ

)2
]

ε1 ! 1- Slow-roll approximation: 

4

and at which ε2(φ) changes its sign. In the slow-roll ap-
proximation φmax = µ. However, around φmax, and for
sufficiently small values of µ, slow-roll conditions can be
violated, as it is illustrated by the dashed line in Fig. 1.
Thus a resolution of the exact equations of motion for the
fields is required to study the influence of the transition
period on the dynamics of inflation.

1. Exact field dynamics

The dynamics of the one-field effective hybrid inflation,
without assuming slow-roll, is described by Eqs. (5) and
(6):they have been integrated numerically. The parame-
ter ε1 has been computed exactly and is represented as
a function of the inflaton field in Fig. 1 and compared to
the analytical slow-roll expressions of Eq. (8).

0 2 4 6 8

0.0

0.5

1.0

1.5

2.0

Φ ! Μ

Ε 1

FIG. 1: First Hubble-flow parameter ε1, function of the in-
flaton field, during its evolution started in the large field
phase, in the slow-roll approximation (red dashed and dotted
lines) and from the exact dynamics (blue solid and dot-dashed
lines). The curves correspond to µ = 0.1mpl (two top curves),
µ = 0.4mpl (two bottom curves, quasi-superimposed). For
each value of µ, we observe two phases of evolution at large
field and at small field (compared to φmax).

The exact integration confirms the existence of the two
regimes before and after the maximum of ε1, at which
the slow-roll conditions can be violated and inflation
can even be interrupted (when ε1 ≥ 1) depending on the
value of the parameter µ. But there are two important
novelties. Firstly, φmax is displaced toward smaller
values in the exact treatment compared to its slow-roll
value µ. Secondly, in the slow-roll approximation, after
the peak, ε1(φ) decreases and vanishes for vanishing
field. One may think that inflation always takes place
for φ < φmax. However, exact numerical results show
that this conclusion is erroneous: ε1 does not necessarily
become negligible when the field vanishes (see the
plain blue curve). As a consequence, inflation does not

FIG. 2: Number of e-folds created between φmax and φ = 0
as a function of µ, when slow-roll is not assumed. There exist
a critical value of the parameter µ under which a marginal
number of e-folds is generated in the second phase of evo-
lution. Above the critical value of µ, the number of e-folds
created in the second phase of inflation diverges showing the
efficiency of the second phase of inflation when it exists.

necessarily produce the last 60 e-folds in the small field
regime (φ < φmax).

From Fig. 1, it is clear that the presence or not of
small field phase of inflation depend on the parameter
µ (difference between the dashed and plain curves). In
order to measure the efficiency/existence of this second
phase of inflation, we have plotted in Fig. 2 the number
of e-folds created between φmax and φ = 0 as a function
of µ. This shows that there exists a critical value

µcrit " 0.32 mpl, (9)

under which the number of e-folds generated after φmax is
reached is marginal. In this case, the period of inflation
where the observable modes become super-Hubble will
always take place in the large field phase (φ > φmax)
provided φi > φmax. In this case, the potential of hybrid
inflation leads to a chaotic-like inflation, independently of
the way inflation ends. This has important consequences
for the generated spectral index.

2. Scalar spectral index

At first order in slow-roll parameters, the spectral in-
dex of the scalar power spectrum Pζ can be expressed
as [52, 55]

ns − 1 ≡
dPζ

d ln k

∣

∣

∣

∣

k=k∗

= −2ε1∗ − ε2∗ . (10)

A star means that the quantity is evaluated at Hubble
crossing aH = k∗, k∗ being a pivot scale in the range of
observable modes.

φc ! µ

3

sectors of string theories, though not always stable and
their potential is not easily flat [48, 49]. Several models
of inflation constructed within string theories have been
proposed (see for e.g. [11, 48, 50, 51] and refs therein)
and some of them have a low-energy effective descrip-
tion that mimics hybrid inflation [10, 21, 22]. These
examples motivated us to assume that the effective in-
flationary potentials studied in this paper can also orig-
inate from frameworks in which it is safe to consider
super-planckian fields. As a conclusion, we have cho-
sen to study them both in the sub-planckian and super-
planckian field regimes. However, we will always restrict
ourselves to sub-planckian energy densities.

The rest of the paper is organized as follows. In the sec-
tion II, we extensively study the original hybrid inflation
model [13]. In particular, we discuss the validity of the
one-field slow-roll approximation and show that violation
of slow-roll conditions can strongly modify the dynamics.
Using exact numerical methods, applied on the two-field
potential, we provide a complete analysis of the space of
initial conditions and revisit the above-mentioned fine-
tuning problem. In Sec. III, we test the robustness of
our results on the three other models: SUSY/SUGRA
smooth hybrid inflation, SUSY/SUGRA shifted hybrid
inflation and radion-inflation. Our conclusions are drawn
in Sec. IV and some open questions are developed.

II. ORIGINAL HYBRID MODEL

Proposed in [13, 14], the model is based on the poten-
tial

V (φ, ψ) =
1

2
m2φ2 +

λ

4

(

ψ2 − M2
)2

+
λ′

2
φ2ψ2, (1)

where φ is the inflaton and ψ is the Higgs-type field. λ
and λ′ are two positive coupling constants, m and M
are two mass parameters. It is the most general form
(omitting a quartic term λ′′φ4) of renormalizable poten-
tial verifying the symmetries ψ ↔ −ψ and φ ↔ −φ. In
the general case, inflation is mostly assumed to be re-
alized in the false-vacuum along the ψ = 0 valley and
ends with a tachyonic instability for the Higgs-type field.
The critical point of instability below which the potential
develops non-vanishing minima is

φc = M

√

λ

λ′
. (2)

The system then evolves toward its true minimum at V =
0, 〈φ〉 = 0, and 〈ψ〉 = ±M , where throughout the paper,
〈.〉 denotes the vacuum expectation value (vev) of a field.

In this section, we will first restrict ourselves to the
effective one-field approach to re-analyze the predictions
of the spectral index for the generated power spectrum.
This will be done solving numerically the exact field equa-
tions of motion rather than assuming slow-roll. Then, we
will move one the full two-field dynamics and study the
initial conditions that lead to sufficiently long inflation.

A. Effective one-field potential

To study the inflationary phase along the valley ψ = 0,
it is common usage to restrict the potential of Eq. (1) to
a one-dimensional effective potential of the form

V (φ) = Λ4

[

1 +

(

φ

µ

)2
]

, (3)

with

µ ≡
√

λ

2

M2

m
, Λ ≡ λ1/4M/

√
2 . (4)

The Friedmann-Lemâıtre equations and the Klein-
Gordon equation in an expanding universe for this scalar
field read

H2 =
8π

3m2
pl

[

1

2
φ̇2 + V (φ)

]

,

ä

a
=

8π

3m2
pl

[

−φ̇2 + V (φ)
]

,

(5)

φ̈ + 3Hφ̇ +
dV

dφ
= 0, (6)

where a is the scale factor, H the Hubble parameter,
and the dot denotes a derivative with respect to cosmic
time. Inflation is realized starting at high field values,
the field rolling down toward 0. To mimic the two-field
dynamics, in this effective model, it is necessary to define
an effective critical value φc > 0 at which inflation ends.

The well-known slow-roll approximation consists in ne-
glecting the second derivative of the field in Eq. (6) and
the kinetic terms compared to the potential in Eq. (5).
Using the Hubble flow parameters [52, 53]

ε0 ≡ H, εn+1 ≡
d ln εn
dN

, (7)

inflation occurs for ε1 = −Ḣ/H2 < 1 and slow-roll con-
ditions are satisfied when, for all n ≥ 1, |εn| ( 1. For the
effective hybrid potential, an analytical expression of the
first and second Hubble flow parameter is easily derived
in the slow-roll approximation,

ε1(φ) =
1

4π

(

mpl

µ

)2 (φ/µ)2

[1 + (φ/µ)2]2
,

ε2(φ) =
1

2π

(

mpl

µ

)2 (φ/µ)2 − 1

[1 + (φ/µ)2]2
.

(8)

It is clear from these expressions that the slow-roll con-
ditions are satisfied for large field values. As illustrated
in Fig. 1, Eq. (8) suggests that two phases of inflation
can take place [54]. A first phase at large values of the
field, and a second phase at small values. These phases
are separated by a maximum of ε1(φ), reached at φmax,
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2.5  Smooth inflation

• Smooth inflation: (Lazarides, Panagiotakopoulos, hep-ph/9506325)

Effective 2-field potential (SUSY):

2 valleys and a flat               direction ⇒ No topological defects

V (φ, ψ) = κ2

(
M2 − ψ4

m2
Pl

)2

+ 2κ2φ2 ψ6

m4
Pl

ψ = 0

     For         

Up to 80% of  area are 

anamorphosis points

φ, ψ < 0.2 mpl

M = 0.01mp, κ = 1
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2.7 MCMC exploration - hybrid model

−0.2mp < φ,ψ < 0.2mp

• Probability density distributions of  initial field values:
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2.7 MCMC exploration - hybrid model
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• Probability density distributions of  initial field values:
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2.7 MCMC exploration - hybrid model 

• Probability density distribution of  initial velocities:

Flat distribution for        and 
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2.7 MCMC exploration - hybrid model

• Probability density distributions of  parameters:

            Position 

of  the instability point
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Due to slow-roll violations 

inside the valley

Flat prior on the logarithm 
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FIGURE 3. Marginalised posterior probability distributions for the modulus (top) and angle (bottom) of initial field velocity. The
thin curves are obtained at fixed potential parameters, while the thick are after a full marginalisation over all the model parameters.
As expected from Hubble damping, all values are equiprobable since the field do not keep memory of the initial velocity.

Priors

In order to explore identically all scales of parameters values, we have chosen a flat prior for the logarithm of the

parameters. Like small initial velocities are expected to not change dramatically the dynamics, a flat prior on initial
d!
dN

and
d"
dN
have been chosen, within the natural constraint

v2 ≡
(

d!

dN

)2

+

(

d"

dN

)2

<
6

M2
pl

. (8)

This upper bound is derived easily from the equations of motion (5,6). Finally, we have also chosen a flat prior on

initial field values.

Posterior probability distributions

Posterior probability distributions of the fields (Fig.4) indicate that anamorphosis trajectories are the most probable

way to generate inflation, compared to trajectories starting in the valley. This result stands when distributions are

marginalised over the initial velocity space, as well as in the whole parameter space.

Moreover, posterior probability distributions for the intensity and orientation of the initial velocity vector are flat

(see Fig.3). We can therefore conclude that adding the possibility of initial velocities do not change the probability to

generate a sufficient period of inflation, because of the Hubble damping in the Klein-Gordon equations (6).

Secondly, the probability distributions of the potential parameters show that the successful initial field values outside

the valley are generic in a large part of the whole parameter space. We obtain a natural upper bound on the combination

of parameters
√
2
#2

M
< 0.004 mpl 95% C.L. (9)

corresponding to the position of the instability point inside the inflationary valley (see Fig5 left). The instability point

is thus smaller than the reduced Planck mass and trajectories do not reach a super-planckian regime inside the valley.

Moreover, a lower bound on the parameter µ have been obtained (Fig5 right).

µ > 1.7 mpl 95% C.L. (10)

This bound is non-trivial because it corresponds to the apparition of slow-roll violations in the dynamics of the

trajectories inside the inflationary valley. These violations can lead to the disappearance of the small field phase

expected if the slow-roll formalism is used, as discussed in [3].

Therefore, MCMC exploration of the initial conditions and parameters space permits not only to show that in a

large part of the parameter space, successful trajectories starting outside the valley are dominant, whatever the initial

V (φ, ψ) = Λ4

[(
1− ψ2

M2

)
+

φ2

µ2
+ 2

φ2ψ2

φ2
cM

2

]

φc < 0.004 mPl 95% C.L.
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2.8 MCMC exploration - F-term SUGRA

   - Simple and realistic model in (local) SUSY framework 
   - SUGRA corrections dominate radiative correction
   -  Only one potential parameter   M

• MCMC analysis:

   - Similar results for distributions of  initial fields 
     and initial velocities
   - Bound on the parameter:
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FIG. 11: Marginalised probability distribution for the poten-
tial parameters of the hybrid model. Notice that some of the
bound are set by the prior choices.

is (close to) minimal7

K ! |S|2 + |Φ+|2 + |Φ−|2 , (26)

which is what we assume in the following. In terms of the
canonically normalized effective inflaton s and waterfall

7 We will restrict ourselves to minimal SUGRA corrections, ne-
glecting SUSY breaking soft terms and the non-renormalizable
corrections to the superpotential (see [52, 53, 55] for an analysis
of their effects).

!4 !3 !2 !1 0 1

log
2 Υ2

M mpl

FIG. 12: Prior independent marginalised posterior probability
distribution for the parameter ν2/(MMpl). This parameter
fixes the position of the instability point and a too large value
may prevent inflation from occurring in the sub-planckian
field regime [see Eq. 20)].

fields ψ, the SUGRA corrected potential now reads

V sugra
tree (s, ψ) = κ2 exp

(

s2 + ψ2

2M2
pl

)

×
{

(

ψ2

4
− M2

)2
(

1 − s2

2M2
pl

+
s4

4M4
pl

)

+
s2ψ2

4

[

1 +
1

M2
pl

(

1

4
ψ2 − M2

)

]2 }

.

(27)

The dynamics along the inflationary valley is driven by
the radiative corrections and by the SUGRA corrections.
The radiative corrections play a major role in the last e-
folds of inflation (thereby generating the observable spec-
tral index), whereas most of the dynamics takes actually
place for field values dominated by the SUGRA correc-
tions. We have calculated the amplitudes for both correc-
tions and found that only at the end of the inflationary
potential (for s ∈ [M, 8M ] if N = 3 and s ∈ [M, 3.5M ] if
N = 126), the radiative corrections may dominate over
the SUGRA corrections. In the present work, the regions
of the parameter space leading to inflation do not depend
on the very last part of the field evolution: as soon as
60 e-folds are obtained, the initial conditions are consid-
ered successful and this generically occurs in the valley
at larger field values. Outside the inflationary valley, we
therefore expect the tree level dynamics to dominate over
the radiative corrections, especially for small coupling κ.
There also, in addition to the tree level, at large fields,
SUGRA corrections are expected to be important.

Resulting of these considerations, we have neglected
radiative corrections and used for our study below the
potential of Eq. (27).
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3.  Waterfall:
- Identification of  a regime with 
  N≫ 60 during the waterfall
- Observable modes leave the Hubble 
radius during the waterfall
- Initial power spectrum modified

Exact 2-field 
dynamics

Usually:
- Quasi-instantaneous waterfall
- Observable modes leave the Hubble 
radius inside the valley
- Blue power spectrum (disfavored)
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3.1 Classical vs. Stochastic dynamics
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Tachyonic preheating

- Classical oscillations: damped by  
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2
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Its classical evolution is valid if classical jumps are larger
than the quantum fluctuation scale, that is

∆σcl =
σ̇

H
> ∆σqu !

H

2π
. (14)

which is equivalent to

ε1(σ) >
H2

πm2
pl

. (15)

Thus we pay a particular attention to only consider wa-
terfall trajectories along which this condition remains
true.

At the critical instability point, the classical value of
the transverse field is about 0, and the transverse quan-
tum fluctuations will determine on which side the system
will evolve towards. The overall dynamics remains clas-
sical due to the φ field evolution. However, it must be
ensured that the quantum backreactions of the transverse
field do not push the field evolution far from the valley
line ψ = 0. Such effects would modify strongly the dy-
namics such that the waterfall phase would take place
in a low number of e-folds. In other words, it must be
ensured that the spread of the probability distribution of
the auxiliary field does not becomes much larger than its
classical value during the waterfall.

The coarsed-grained auxiliary field is described by a
Klein-Gordon equation in which a random noise field ξ(t)
is added. This term acts as a classical stochastic source
term. In the slow-roll approximation, the evolution is
given by the first order Langevin equation

ψ̇ +
1

3H

dV

dψ
=

H3/2

2π
ξ(t) . (16)

which can be rewritten

ψ̇ =
H3/2

2π
ξ(t) + H

4π

M2

(

1 −
φ2

φ2
c

)

. (17)

The two-points correlation function of the noise field
obeys to

〈ξ(t)〉 = 0, 〈ξ(t)ξ(t′)〉 = δ(t − t′) . (18)

When the dynamics is dominated by the φ evolution,
this equation can be integrated exactly. Under a change
of variable [23], x ≡ exp [−2r(N − Nc)], where

r ≡
3

2
−

√

9

4
− 6

M2
pl

µ2
, (19)

and where Nc is the number of e-folds at critical point of
instability, one has

dψ

dx
= −

H1/2

4πrx
ξ(x) −

4ψ(1 − x)

2M2rx
. (20)

The exact solution to this equation is

ψ(x) = C exp [C2x − C2 ln x]

− C1 exp [C2x − C2 ln x]

×
∫ x

1
exp [−C2x

′ + C2 ln x′] ξ(x′)dx′ ,

(21)

where C1 ≡ H1/2/4πr, C2 ≡ 2/M2r and C is a constant
of integration. Taking the two point correlation function
and assuming an initial delta distribution for ψ at φ '
φc, one can obtain

〈ψ2(x)〉 =
H2

8π2r

[

exp(x)

ax

]a

Γ(a, ax) , (22)

where a ≡ 4M2
pl/M

2r and Γ is the upper incomplete
gamma function.

In the following, we will consider large values of µ
and relatively small values of M compared to the Planck
mass, such that r ! 2M 2

pl/µ2 and a ! 2µ2/M2 ' 1. At
instability, x = 1 and one thus has

〈ψ2(x = 1)〉 !
H2µ2

16π2M2
pl

(

eM2

2µ2

)

2µ2

M2

Γ

(

2µ2

M2
,
2µ2

M2

)

.

(23)
By using recurrence relations as well as the asymptotic
behavior of the Γ function, one can find

( e

u

)u
× Γ(u, u) ∼

√

π

2

1√
u

when u → ∞ , (24)

such that

〈ψ2(x = 1)〉 !
H2µM

32π3/2M2
pl

(25)

For instance, for the parameter values of Fig.1, µ =
636.4 mpl, M = 0.03 mpl, one obtains

√

〈ψ2〉 ! 2H It
will be shown later in the paper (see Sec.IV) that when
the tachyonic preheating is triggered and forces inflation
to end, one has x <∼ 1 such that 〈ψ2(xend)〉 ∼ 〈ψ2(x = 1)〉
∼ H . Therefore, after the critical instability, all the time
the field dynamics is governed mainly by the φ evolution,
the standard deviation of the transverse field distribution
around its classical value remains at the same order.

In the next section, initial values of ψ at critical insta-
bility are taken to follow a gaussian random distribution
that verify Eq. (23). From this point, the classical value
of ψ moves away its initial amplitude and increases such
that it becomes quickly much larger than its quantum
fluctuations, even if the overall dynamics is still governed
mainly by the φ evolution. Therefore, the classical dy-
namics is not spoiled by transverse quantum fluctuations.

B. The classical regime

Once the instability point is reached, trajectories de-
viates from the valley line and fall through one of the
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true.

At the critical instability point, the classical value of
the transverse field is about 0, and the transverse quan-
tum fluctuations will determine on which side the system
will evolve towards. The overall dynamics remains clas-
sical due to the φ field evolution. However, it must be
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field do not push the field evolution far from the valley
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ensured that the spread of the probability distribution of
the auxiliary field does not becomes much larger than its
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The coarsed-grained auxiliary field is described by a
Klein-Gordon equation in which a random noise field ξ(t)
is added. This term acts as a classical stochastic source
term. In the slow-roll approximation, the evolution is
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obeys to
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ψ(x) = C exp [C2x − C2 ln x]

− C1 exp [C2x − C2 ln x]

×
∫ x

1
exp [−C2x

′ + C2 ln x′] ξ(x′)dx′ ,

(21)

where C1 ≡ H1/2/4πr, C2 ≡ 2/M2r and C is a constant
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φc, one can obtain

〈ψ2(x)〉 =
H2

8π2r

[

exp(x)

ax

]a

Γ(a, ax) , (22)

where a ≡ 4M2
pl/M

2r and Γ is the upper incomplete
gamma function.

In the following, we will consider large values of µ
and relatively small values of M compared to the Planck
mass, such that r ! 2M 2

pl/µ2 and a ! 2µ2/M2 ' 1. At
instability, x = 1 and one thus has

〈ψ2(x = 1)〉 !
H2µ2

16π2M2
pl

(

eM2

2µ2

)

2µ2

M2

Γ

(

2µ2

M2
,
2µ2

M2

)

.

(23)
By using recurrence relations as well as the asymptotic
behavior of the Γ function, one can find

( e

u

)u
× Γ(u, u) ∼

√

π

2

1√
u

when u → ∞ , (24)

such that

〈ψ2(x = 1)〉 !
H2µM

32π3/2M2
pl

(25)

For instance, for the parameter values of Fig.1, µ =
636.4 mpl, M = 0.03 mpl, one obtains

√

〈ψ2〉 ! 2H It
will be shown later in the paper (see Sec.IV) that when
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Thus we pay a particular attention to only consider wa-
terfall trajectories along which this condition remains
true.

At the critical instability point, the classical value of
the transverse field is about 0, and the transverse quan-
tum fluctuations will determine on which side the system
will evolve towards. The overall dynamics remains clas-
sical due to the φ field evolution. However, it must be
ensured that the quantum backreactions of the transverse
field do not push the field evolution far from the valley
line ψ = 0. Such effects would modify strongly the dy-
namics such that the waterfall phase would take place
in a low number of e-folds. In other words, it must be
ensured that the spread of the probability distribution of
the auxiliary field does not becomes much larger than its
classical value during the waterfall.

The coarsed-grained auxiliary field is described by a
Klein-Gordon equation in which a random noise field ξ(t)
is added. This term acts as a classical stochastic source
term. In the slow-roll approximation, the evolution is
given by the first order Langevin equation
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The two-points correlation function of the noise field
obeys to
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φc, one can obtain
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Thus we pay a particular attention to only consider wa-
terfall trajectories along which this condition remains
true.
At the critical instability point, the classical value of

the transverse field is about 0, and the transverse quan-
tum fluctuations will determine on which side the system
will evolve towards. The overall dynamics remains clas-
sical due to the φ field evolution. However, it must be
ensured that the quantum backreactions of the transverse
field do not push the field evolution far from the valley
line ψ = 0. Such effects would modify strongly the dy-
namics such that the waterfall phase would take place
in a low number of e-folds. In other words, it must be
ensured that the spread of the probability distribution of
the auxiliary field does not becomes much larger than its
classical value during the waterfall.
The coarsed-grained auxiliary field is described by a

Klein-Gordon equation in which a random noise field ξ(t)
is added. This term acts as a classical stochastic source
term. In the slow-roll approximation, the evolution is
given by the first order Langevin equation

ψ̇ +
1

3H

dV

dψ
=

H3/2

2π
ξ(t) . (16)

which can be rewritten

ψ̇ =
H3/2

2π
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)

. (17)

The two-points correlation function of the noise field
obeys to

〈ξ(t)〉 = 0, 〈ξ(t)ξ(t′)〉 = δ(t− t′) . (18)

When the dynamics is dominated by the φ evolution,
this equation can be integrated exactly. Under a change
of variable [23], x ≡ exp [−2r(N −Nc)], where

r ≡
3

2
−

√
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− 6

M2
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µ2
, (19)

and where Nc is the number of e-folds at critical point of
instability, one has

dψ

dx
= −

H1/2

4πrx
ξ(x) −

4ψ(1− x)
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The exact solution to this equation is

ψ(x) = C exp [C2x− C2 lnx]
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×
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exp [−C2x

′ + C2 lnx
′] ξ(x′)dx′ ,

(21)

where C1 ≡ H1/2/4πr, C2 ≡ 2/M2r and C is a constant
of integration. Taking the two point correlation function
and assuming an initial delta distribution for ψ at φ '
φc, one can obtain

〈ψ2(x)〉 =
H2

8π2r

[
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ax

]a

Γ(a, ax) , (22)
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2r and Γ is the upper incomplete
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For instance, for the parameter values of Fig.1, µ =
636.4 mpl,M = 0.03 mpl, one obtains
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will be shown later in the paper (see Sec.IV) that when
the tachyonic preheating is triggered and forces inflation
to end, one has x <∼ 1 such that 〈ψ2(xend)〉 ∼ 〈ψ2(x = 1)〉
∼ H . Therefore, after the critical instability, all the time
the field dynamics is governed mainly by the φ evolution,
the standard deviation of the transverse field distribution
around its classical value remains at the same order.
In the next section, initial values of ψ at critical insta-

bility are taken to follow a gaussian random distribution
that verify Eq. (23). From this point, the classical value
of ψ moves away its initial amplitude and increases such
that it becomes quickly much larger than its quantum
fluctuations, even if the overall dynamics is still governed
mainly by the φ evolution. Therefore, the classical dy-
namics is not spoiled by transverse quantum fluctuations.
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Thus we pay a particular attention to only consider wa-
terfall trajectories along which this condition remains
true.
At the critical instability point, the classical value of

the transverse field is about 0, and the transverse quan-
tum fluctuations will determine on which side the system
will evolve towards. The overall dynamics remains clas-
sical due to the φ field evolution. However, it must be
ensured that the quantum backreactions of the transverse
field do not push the field evolution far from the valley
line ψ = 0. Such effects would modify strongly the dy-
namics such that the waterfall phase would take place
in a low number of e-folds. In other words, it must be
ensured that the spread of the probability distribution of
the auxiliary field does not becomes much larger than its
classical value during the waterfall.
The coarsed-grained auxiliary field is described by a

Klein-Gordon equation in which a random noise field ξ(t)
is added. This term acts as a classical stochastic source
term. In the slow-roll approximation, the evolution is
given by the first order Langevin equation

ψ̇ +
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3H
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=
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ξ(t) . (16)

which can be rewritten
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4π
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. (17)

The two-points correlation function of the noise field
obeys to

〈ξ(t)〉 = 0, 〈ξ(t)ξ(t′)〉 = δ(t− t′) . (18)

When the dynamics is dominated by the φ evolution,
this equation can be integrated exactly. Under a change
of variable [23], x ≡ exp [−2r(N −Nc)], where

r ≡
3

2
−

√
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− 6

M2
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, (19)

and where Nc is the number of e-folds at critical point of
instability, one has

dψ

dx
= −

H1/2

4πrx
ξ(x) −

4ψ(1− x)

2M2rx
. (20)

The exact solution to this equation is

ψ(x) = C exp [C2x− C2 lnx]

− C1 exp [C2x− C2 lnx]

×
∫ x

1
exp [−C2x

′ + C2 lnx
′] ξ(x′)dx′ ,

(21)

where C1 ≡ H1/2/4πr, C2 ≡ 2/M2r and C is a constant
of integration. Taking the two point correlation function
and assuming an initial delta distribution for ψ at φ '
φc, one can obtain

〈ψ2(x)〉 =
H2

8π2r

[

exp(x)

ax

]a

Γ(a, ax) , (22)

where a ≡ 4M2
pl/M

2r and Γ is the upper incomplete
gamma function.
In the following, we will consider large values of µ

and relatively small values of M compared to the Planck
mass, such that r ! 2M2

pl/µ
2 and a ! 2µ2/M2 ' 1. At

instability, x = 1 and one thus has

〈ψ2(x = 1)〉 !
H2µ2

16π2M2
pl

(

eM2

2µ2

)

2µ2

M2

Γ

(

2µ2

M2
,
2µ2

M2

)

.

(23)
By using recurrence relations as well as the asymptotic
behavior of the Γ function, one can find

( e

u

)u
× Γ(u, u) ∼

√

π

2

1√
u

when u → ∞ , (24)

such that

〈ψ2(x = 1)〉 !
H2µM

32π3/2M2
pl

(25)

For instance, for the parameter values of Fig.1, µ =
636.4 mpl,M = 0.03 mpl, one obtains

√

〈ψ2〉 ! 2H It
will be shown later in the paper (see Sec.IV) that when
the tachyonic preheating is triggered and forces inflation
to end, one has x <∼ 1 such that 〈ψ2(xend)〉 ∼ 〈ψ2(x = 1)〉
∼ H . Therefore, after the critical instability, all the time
the field dynamics is governed mainly by the φ evolution,
the standard deviation of the transverse field distribution
around its classical value remains at the same order.
In the next section, initial values of ψ at critical insta-

bility are taken to follow a gaussian random distribution
that verify Eq. (23). From this point, the classical value
of ψ moves away its initial amplitude and increases such
that it becomes quickly much larger than its quantum
fluctuations, even if the overall dynamics is still governed
mainly by the φ evolution. Therefore, the classical dy-
namics is not spoiled by transverse quantum fluctuations.

B. The classical regime

Once the instability point is reached, trajectories de-
viates from the valley line and fall through one of the
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Its classical evolution is valid if classical jumps are larger
than the quantum fluctuation scale, that is

∆σcl =
σ̇

H
> ∆σqu !

H

2π
. (14)

which is equivalent to

ε1(σ) >
H2

πm2
pl

. (15)

Thus we pay a particular attention to only consider wa-
terfall trajectories along which this condition remains
true.
At the critical instability point, the classical value of

the transverse field is about 0, and the transverse quan-
tum fluctuations will determine on which side the system
will evolve towards. The overall dynamics remains clas-
sical due to the φ field evolution. However, it must be
ensured that the quantum backreactions of the transverse
field do not push the field evolution far from the valley
line ψ = 0. Such effects would modify strongly the dy-
namics such that the waterfall phase would take place
in a low number of e-folds. In other words, it must be
ensured that the spread of the probability distribution of
the auxiliary field does not becomes much larger than its
classical value during the waterfall.
The coarsed-grained auxiliary field is described by a

Klein-Gordon equation in which a random noise field ξ(t)
is added. This term acts as a classical stochastic source
term. In the slow-roll approximation, the evolution is
given by the first order Langevin equation

ψ̇ +
1

3H

dV

dψ
=

H3/2

2π
ξ(t) . (16)

which can be rewritten

ψ̇ =
H3/2

2π
ξ(t) +H

4π

M2

(

1−
φ2

φ2
c

)

. (17)

The two-points correlation function of the noise field
obeys to

〈ξ(t)〉 = 0, 〈ξ(t)ξ(t′)〉 = δ(t− t′) . (18)

When the dynamics is dominated by the φ evolution,
this equation can be integrated exactly. Under a change
of variable [23], x ≡ exp [−2r(N −Nc)], where

r ≡
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2
−
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and where Nc is the number of e-folds at critical point of
instability, one has
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= −
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ξ(x) −

4ψ(1− x)

2M2rx
. (20)

The exact solution to this equation is

ψ(x) = C exp [C2x− C2 lnx]

− C1 exp [C2x− C2 lnx]

×
∫ x

1
exp [−C2x

′ + C2 lnx
′] ξ(x′)dx′ ,

(21)

where C1 ≡ H1/2/4πr, C2 ≡ 2/M2r and C is a constant
of integration. Taking the two point correlation function
and assuming an initial delta distribution for ψ at φ '
φc, one can obtain

〈ψ2(x)〉 =
H2

8π2r

[

exp(x)

ax

]a

Γ(a, ax) , (22)

where a ≡ 4M2
pl/M

2r and Γ is the upper incomplete
gamma function.
In the following, we will consider large values of µ

and relatively small values of M compared to the Planck
mass, such that r ! 2M2

pl/µ
2 and a ! 2µ2/M2 ' 1. At

instability, x = 1 and one thus has
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behavior of the Γ function, one can find
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such that

〈ψ2(x = 1)〉 !
H2µM

32π3/2M2
pl

(25)

For instance, for the parameter values of Fig.1, µ =
636.4 mpl,M = 0.03 mpl, one obtains

√

〈ψ2〉 ! 2H It
will be shown later in the paper (see Sec.IV) that when
the tachyonic preheating is triggered and forces inflation
to end, one has x <∼ 1 such that 〈ψ2(xend)〉 ∼ 〈ψ2(x = 1)〉
∼ H . Therefore, after the critical instability, all the time
the field dynamics is governed mainly by the φ evolution,
the standard deviation of the transverse field distribution
around its classical value remains at the same order.
In the next section, initial values of ψ at critical insta-

bility are taken to follow a gaussian random distribution
that verify Eq. (23). From this point, the classical value
of ψ moves away its initial amplitude and increases such
that it becomes quickly much larger than its quantum
fluctuations, even if the overall dynamics is still governed
mainly by the φ evolution. Therefore, the classical dy-
namics is not spoiled by transverse quantum fluctuations.

B. The classical regime

Once the instability point is reached, trajectories de-
viates from the valley line and fall through one of the
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Its classical evolution is valid if classical jumps are larger
than the quantum fluctuation scale, that is
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which is equivalent to

ε1(σ) >
H2

πm2
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. (15)

Thus we pay a particular attention to only consider wa-
terfall trajectories along which this condition remains
true.
At the critical instability point, the classical value of

the transverse field is about 0, and the transverse quan-
tum fluctuations will determine on which side the system
will evolve towards. The overall dynamics remains clas-
sical due to the φ field evolution. However, it must be
ensured that the quantum backreactions of the transverse
field do not push the field evolution far from the valley
line ψ = 0. Such effects would modify strongly the dy-
namics such that the waterfall phase would take place
in a low number of e-folds. In other words, it must be
ensured that the spread of the probability distribution of
the auxiliary field does not becomes much larger than its
classical value during the waterfall.
The coarsed-grained auxiliary field is described by a

Klein-Gordon equation in which a random noise field ξ(t)
is added. This term acts as a classical stochastic source
term. In the slow-roll approximation, the evolution is
given by the first order Langevin equation

ψ̇ +
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3H

dV
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=

H3/2

2π
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which can be rewritten

ψ̇ =
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The two-points correlation function of the noise field
obeys to

〈ξ(t)〉 = 0, 〈ξ(t)ξ(t′)〉 = δ(t− t′) . (18)

When the dynamics is dominated by the φ evolution,
this equation can be integrated exactly. Under a change
of variable [23], x ≡ exp [−2r(N −Nc)], where
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and where Nc is the number of e-folds at critical point of
instability, one has
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= −
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4ψ(1− x)
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The exact solution to this equation is
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×
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1
exp [−C2x

′ + C2 lnx
′] ξ(x′)dx′ ,

(21)

where C1 ≡ H1/2/4πr, C2 ≡ 2/M2r and C is a constant
of integration. Taking the two point correlation function
and assuming an initial delta distribution for ψ at φ '
φc, one can obtain

〈ψ2(x)〉 =
H2

8π2r

[

exp(x)

ax

]a

Γ(a, ax) , (22)

where a ≡ 4M2
pl/M

2r and Γ is the upper incomplete
gamma function.
In the following, we will consider large values of µ

and relatively small values of M compared to the Planck
mass, such that r ! 2M2

pl/µ
2 and a ! 2µ2/M2 ' 1. At

instability, x = 1 and one thus has
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By using recurrence relations as well as the asymptotic
behavior of the Γ function, one can find
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such that

〈ψ2(x = 1)〉 !
H2µM

32π3/2M2
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For instance, for the parameter values of Fig.1, µ =
636.4 mpl,M = 0.03 mpl, one obtains
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〈ψ2〉 ! 2H It
will be shown later in the paper (see Sec.IV) that when
the tachyonic preheating is triggered and forces inflation
to end, one has x <∼ 1 such that 〈ψ2(xend)〉 ∼ 〈ψ2(x = 1)〉
∼ H . Therefore, after the critical instability, all the time
the field dynamics is governed mainly by the φ evolution,
the standard deviation of the transverse field distribution
around its classical value remains at the same order.
In the next section, initial values of ψ at critical insta-

bility are taken to follow a gaussian random distribution
that verify Eq. (23). From this point, the classical value
of ψ moves away its initial amplitude and increases such
that it becomes quickly much larger than its quantum
fluctuations, even if the overall dynamics is still governed
mainly by the φ evolution. Therefore, the classical dy-
namics is not spoiled by transverse quantum fluctuations.

B. The classical regime

Once the instability point is reached, trajectories de-
viates from the valley line and fall through one of the
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Its classical evolution is valid if classical jumps are larger
than the quantum fluctuation scale, that is

∆σcl =
σ̇

H
> ∆σqu !

H

2π
. (14)

which is equivalent to

ε1(σ) >
H2

πm2
pl

. (15)

Thus we pay a particular attention to only consider wa-
terfall trajectories along which this condition remains
true.

At the critical instability point, the classical value of
the transverse field is about 0, and the transverse quan-
tum fluctuations will determine on which side the system
will evolve towards. The overall dynamics remains clas-
sical due to the φ field evolution. However, it must be
ensured that the quantum backreactions of the transverse
field do not push the field evolution far from the valley
line ψ = 0. Such effects would modify strongly the dy-
namics such that the waterfall phase would take place
in a low number of e-folds. In other words, it must be
ensured that the spread of the probability distribution of
the auxiliary field does not becomes much larger than its
classical value during the waterfall.

The coarsed-grained auxiliary field is described by a
Klein-Gordon equation in which a random noise field ξ(t)
is added. This term acts as a classical stochastic source
term. In the slow-roll approximation, the evolution is
given by the first order Langevin equation

ψ̇ +
1

3H

dV

dψ
=

H3/2

2π
ξ(t) . (16)

which can be rewritten

ψ̇ =
H3/2

2π
ξ(t) + H

4π

M2

(

1 −
φ2

φ2
c

)

. (17)

The two-points correlation function of the noise field
obeys to

〈ξ(t)〉 = 0, 〈ξ(t)ξ(t′)〉 = δ(t − t′) . (18)

When the dynamics is dominated by the φ evolution,
this equation can be integrated exactly. Under a change
of variable [23], x ≡ exp [−2r(N − Nc)], where

r ≡
3

2
−

√

9

4
− 6

M2
pl

µ2
, (19)

and where Nc is the number of e-folds at critical point of
instability, one has

dψ

dx
= −

H1/2

4πrx
ξ(x) −

4ψ(1 − x)

2M2rx
. (20)

The exact solution to this equation is

ψ(x) = C exp [C2x − C2 ln x]

− C1 exp [C2x − C2 ln x]

×
∫ x

1
exp [−C2x

′ + C2 ln x′] ξ(x′)dx′ ,

(21)

where C1 ≡ H1/2/4πr, C2 ≡ 2/M2r and C is a constant
of integration. Taking the two point correlation function
and assuming an initial delta distribution for ψ at φ '
φc, one can obtain

〈ψ2(x)〉 =
H2

8π2r

[

exp(x)

ax

]a

Γ(a, ax) , (22)

where a ≡ 4M2
pl/M

2r and Γ is the upper incomplete
gamma function.

In the following, we will consider large values of µ
and relatively small values of M compared to the Planck
mass, such that r ! 2M 2

pl/µ2 and a ! 2µ2/M2 ' 1. At
instability, x = 1 and one thus has

〈ψ2(x = 1)〉 !
H2µ2

16π2M2
pl

(

eM2

2µ2

)

2µ2

M2

Γ

(

2µ2

M2
,
2µ2

M2

)

.

(23)
By using recurrence relations as well as the asymptotic
behavior of the Γ function, one can find

( e

u

)u
× Γ(u, u) ∼

√

π

2

1√
u

when u → ∞ , (24)

such that

〈ψ2(x = 1)〉 !
H2µM

32π3/2M2
pl

(25)

For instance, for the parameter values of Fig.1, µ =
636.4 mpl, M = 0.03 mpl, one obtains

√

〈ψ2〉 ! 2H It
will be shown later in the paper (see Sec.IV) that when
the tachyonic preheating is triggered and forces inflation
to end, one has x <∼ 1 such that 〈ψ2(xend)〉 ∼ 〈ψ2(x = 1)〉
∼ H . Therefore, after the critical instability, all the time
the field dynamics is governed mainly by the φ evolution,
the standard deviation of the transverse field distribution
around its classical value remains at the same order.

In the next section, initial values of ψ at critical insta-
bility are taken to follow a gaussian random distribution
that verify Eq. (23). From this point, the classical value
of ψ moves away its initial amplitude and increases such
that it becomes quickly much larger than its quantum
fluctuations, even if the overall dynamics is still governed
mainly by the φ evolution. Therefore, the classical dy-
namics is not spoiled by transverse quantum fluctuations.

B. The classical regime

Once the instability point is reached, trajectories de-
viates from the valley line and fall through one of the
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Its classical evolution is valid if classical jumps are larger
than the quantum fluctuation scale, that is

∆σcl =
σ̇

H
> ∆σqu !

H

2π
. (14)

which is equivalent to

ε1(σ) >
H2

πm2
pl

. (15)

Thus we pay a particular attention to only consider wa-
terfall trajectories along which this condition remains
true.
At the critical instability point, the classical value of

the transverse field is about 0, and the transverse quan-
tum fluctuations will determine on which side the system
will evolve towards. The overall dynamics remains clas-
sical due to the φ field evolution. However, it must be
ensured that the quantum backreactions of the transverse
field do not push the field evolution far from the valley
line ψ = 0. Such effects would modify strongly the dy-
namics such that the waterfall phase would take place
in a low number of e-folds. In other words, it must be
ensured that the spread of the probability distribution of
the auxiliary field does not becomes much larger than its
classical value during the waterfall.
The coarsed-grained auxiliary field is described by a

Klein-Gordon equation in which a random noise field ξ(t)
is added. This term acts as a classical stochastic source
term. In the slow-roll approximation, the evolution is
given by the first order Langevin equation

ψ̇ +
1

3H

dV

dψ
=

H3/2

2π
ξ(t) . (16)

which can be rewritten

ψ̇ =
H3/2

2π
ξ(t) +H

4π

M2

(

1−
φ2

φ2
c

)

. (17)

The two-points correlation function of the noise field
obeys to

〈ξ(t)〉 = 0, 〈ξ(t)ξ(t′)〉 = δ(t− t′) . (18)

When the dynamics is dominated by the φ evolution,
this equation can be integrated exactly. Under a change
of variable [23], x ≡ exp [−2r(N −Nc)], where

r ≡
3

2
−

√

9

4
− 6

M2
pl

µ2
, (19)

and where Nc is the number of e-folds at critical point of
instability, one has

dψ

dx
= −

H1/2

4πrx
ξ(x) −

4ψ(1− x)

2M2rx
. (20)

The exact solution to this equation is

ψ(x) = C exp [C2x− C2 lnx]

− C1 exp [C2x− C2 lnx]

×
∫ x

1
exp [−C2x

′ + C2 lnx
′] ξ(x′)dx′ ,

(21)

where C1 ≡ H1/2/4πr, C2 ≡ 2/M2r and C is a constant
of integration. Taking the two point correlation function
and assuming an initial delta distribution for ψ at φ '
φc, one can obtain

〈ψ2(x)〉 =
H2

8π2r

[

exp(x)

ax

]a

Γ(a, ax) , (22)

where a ≡ 4M2
pl/M

2r and Γ is the upper incomplete
gamma function.
In the following, we will consider large values of µ

and relatively small values of M compared to the Planck
mass, such that r ! 2M2

pl/µ
2 and a ! 2µ2/M2 ' 1. At

instability, x = 1 and one thus has

〈ψ2(x = 1)〉 !
H2µ2

16π2M2
pl

(

eM2

2µ2

)

2µ2

M2

Γ

(

2µ2

M2
,
2µ2

M2

)

.

(23)
By using recurrence relations as well as the asymptotic
behavior of the Γ function, one can find

( e

u

)u
× Γ(u, u) ∼

√

π

2

1√
u

when u → ∞ , (24)

such that

〈ψ2(x = 1)〉 !
H2µM

32π3/2M2
pl

(25)

For instance, for the parameter values of Fig.1, µ =
636.4 mpl,M = 0.03 mpl, one obtains

√

〈ψ2〉 ! 2H It
will be shown later in the paper (see Sec.IV) that when
the tachyonic preheating is triggered and forces inflation
to end, one has x <∼ 1 such that 〈ψ2(xend)〉 ∼ 〈ψ2(x = 1)〉
∼ H . Therefore, after the critical instability, all the time
the field dynamics is governed mainly by the φ evolution,
the standard deviation of the transverse field distribution
around its classical value remains at the same order.
In the next section, initial values of ψ at critical insta-

bility are taken to follow a gaussian random distribution
that verify Eq. (23). From this point, the classical value
of ψ moves away its initial amplitude and increases such
that it becomes quickly much larger than its quantum
fluctuations, even if the overall dynamics is still governed
mainly by the φ evolution. Therefore, the classical dy-
namics is not spoiled by transverse quantum fluctuations.

B. The classical regime

Once the instability point is reached, trajectories de-
viates from the valley line and fall through one of the

4

Its classical evolution is valid if classical jumps are larger
than the quantum fluctuation scale, that is

∆σcl =
σ̇

H
> ∆σqu !

H

2π
. (14)

which is equivalent to

ε1(σ) >
H2

πm2
pl

. (15)

Thus we pay a particular attention to only consider wa-
terfall trajectories along which this condition remains
true.
At the critical instability point, the classical value of

the transverse field is about 0, and the transverse quan-
tum fluctuations will determine on which side the system
will evolve towards. The overall dynamics remains clas-
sical due to the φ field evolution. However, it must be
ensured that the quantum backreactions of the transverse
field do not push the field evolution far from the valley
line ψ = 0. Such effects would modify strongly the dy-
namics such that the waterfall phase would take place
in a low number of e-folds. In other words, it must be
ensured that the spread of the probability distribution of
the auxiliary field does not becomes much larger than its
classical value during the waterfall.
The coarsed-grained auxiliary field is described by a

Klein-Gordon equation in which a random noise field ξ(t)
is added. This term acts as a classical stochastic source
term. In the slow-roll approximation, the evolution is
given by the first order Langevin equation

ψ̇ +
1

3H

dV

dψ
=

H3/2

2π
ξ(t) . (16)

which can be rewritten

ψ̇ =
H3/2

2π
ξ(t) +H

4π

M2

(

1−
φ2

φ2
c

)

. (17)

The two-points correlation function of the noise field
obeys to

〈ξ(t)〉 = 0, 〈ξ(t)ξ(t′)〉 = δ(t− t′) . (18)

When the dynamics is dominated by the φ evolution,
this equation can be integrated exactly. Under a change
of variable [23], x ≡ exp [−2r(N −Nc)], where

r ≡
3

2
−

√

9
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, (19)

and where Nc is the number of e-folds at critical point of
instability, one has

dψ

dx
= −

H1/2

4πrx
ξ(x) −

4ψ(1− x)

2M2rx
. (20)

The exact solution to this equation is

ψ(x) = C exp [C2x− C2 lnx]

− C1 exp [C2x− C2 lnx]

×
∫ x

1
exp [−C2x

′ + C2 lnx
′] ξ(x′)dx′ ,

(21)

where C1 ≡ H1/2/4πr, C2 ≡ 2/M2r and C is a constant
of integration. Taking the two point correlation function
and assuming an initial delta distribution for ψ at φ '
φc, one can obtain

〈ψ2(x)〉 =
H2

8π2r

[

exp(x)

ax

]a

Γ(a, ax) , (22)

where a ≡ 4M2
pl/M

2r and Γ is the upper incomplete
gamma function.
In the following, we will consider large values of µ

and relatively small values of M compared to the Planck
mass, such that r ! 2M2

pl/µ
2 and a ! 2µ2/M2 ' 1. At

instability, x = 1 and one thus has
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By using recurrence relations as well as the asymptotic
behavior of the Γ function, one can find
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such that
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For instance, for the parameter values of Fig.1, µ =
636.4 mpl,M = 0.03 mpl, one obtains

√

〈ψ2〉 ! 2H It
will be shown later in the paper (see Sec.IV) that when
the tachyonic preheating is triggered and forces inflation
to end, one has x <∼ 1 such that 〈ψ2(xend)〉 ∼ 〈ψ2(x = 1)〉
∼ H . Therefore, after the critical instability, all the time
the field dynamics is governed mainly by the φ evolution,
the standard deviation of the transverse field distribution
around its classical value remains at the same order.
In the next section, initial values of ψ at critical insta-

bility are taken to follow a gaussian random distribution
that verify Eq. (23). From this point, the classical value
of ψ moves away its initial amplitude and increases such
that it becomes quickly much larger than its quantum
fluctuations, even if the overall dynamics is still governed
mainly by the φ evolution. Therefore, the classical dy-
namics is not spoiled by transverse quantum fluctuations.

B. The classical regime

Once the instability point is reached, trajectories de-
viates from the valley line and fall through one of the
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Thus we pay a particular attention to only consider wa-
terfall trajectories along which this condition remains
true.
At the critical instability point, the classical value of

the transverse field is about 0, and the transverse quan-
tum fluctuations will determine on which side the system
will evolve towards. The overall dynamics remains clas-
sical due to the φ field evolution. However, it must be
ensured that the quantum backreactions of the transverse
field do not push the field evolution far from the valley
line ψ = 0. Such effects would modify strongly the dy-
namics such that the waterfall phase would take place
in a low number of e-folds. In other words, it must be
ensured that the spread of the probability distribution of
the auxiliary field does not becomes much larger than its
classical value during the waterfall.
The coarsed-grained auxiliary field is described by a

Klein-Gordon equation in which a random noise field ξ(t)
is added. This term acts as a classical stochastic source
term. In the slow-roll approximation, the evolution is
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global minima (φ = 0, ψ = ±M). Following [15], we can
assume that the auxiliary field reacts faster than the in-
flaton field such that trajectories follow the ellipse defined
by the minima in the ψ direction

dV (φ, ψ)

dψ
= 0 with − φc ≤ φ ≤ φc =⇒

ψ2

M2
+

φ2

φ2
c

= 1 .

(26)
The small-field type effective potential defined by this
ellipse is nearly flat around the instability point, where its
curvature is negative. Thus a phase of inflation should be
possible near the top. The adiabatic field σ, introduced
in [22], defined such that

σ̇ =
√

φ̇2 + ψ̇2 , (27)

describes the collective evolution of the fields along the
classical trajectory. One can determine its equation of
motion

σ̈ + 3Hσ̇ + Vσ = 0 , (28)

where

Vσ =
φ̇

σ̇

dV

dφ
+

ψ̇

σ̇

dV

dψ
. (29)

On the ellipse of Eq. (26), one obtains

Vσ = Λ4
2

φ

µ2
+ 4

φ

φ2
c

(

1 −
φ2

φ2
c

)

√

1 +
M2φ2

φ2
c(φ

2
c − φ2)

, (30)

where φ is related to the adiabatic field through the re-
lation

σ(φ) =

∫ φ

φc

dφ′

√

1 +
M2φ′2

φ2
c(φ2

c − φ′2)
. (31)

Like for an effective 1-field model, the slow-roll regime
can be assumed and the slow-roll parameters can be in-
troduced.

Let remark again that this approach is valid under the
assumption that trajectories follow the above defined el-
lipse. In practice, at the critical instability point, the
gradient of the potential is along the φ direction. The
field evolution first follow this direction and thus does
not follow exactly the ellipse of minima. Therefore the
predictions are expected to be modified more or less im-
portantly. These modifications are studied by solving
numerically the exact classical dynamics.

Fig. 1 shows a typical trajectory, for typical poten-
tial parameters. Starting integration at instability with
ψi = 10−12mpl ensures that the dynamics of the adia-
batic field is not dominated by its quantum stochastic
effects. Indeed, the initial transverse displacement cor-
responds to the scale of quantum transverse fluctuations
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FIG. 1: Top: typical trajectory (solid line) in the (φ,ψ)
plane (φ and ψ are in mpl units), for initial field values
φi = φc = 0.03mpl, ψi = 10−12mpl and potential parameters
M = 0.03mpl, µ = 636.4mpl. The ellipse of minima of Eq.(26)
is also represented (dashed line). From left to right, the points
indicate where ε1 = 10−3/10−2/0.1/1. Center: zoom around
φc for the same trajectory. From left to right, the points in-
dicate where ns = 1./0.97/0.91/0.65. Bottom: Number of
e-folds realised along this trajectory, from the critical insta-
bility point.

given by Eq. (23). Thus for our set of parameters, one
can read

ε1 ∼
φ2

cm
2
pl

µ4
> H2 ∼ 10−24, (32)
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portantly. These modifications are studied by solving
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FIG. 1: Top: typical trajectory (solid line) in the (φ,ψ)
plane (φ and ψ are in mpl units), for initial field values
φi = φc = 0.03mpl, ψi = 10−12mpl and potential parameters
M = 0.03mpl, µ = 636.4mpl. The ellipse of minima of Eq.(26)
is also represented (dashed line). From left to right, the points
indicate where ε1 = 10−3/10−2/0.1/1. Center: zoom around
φc for the same trajectory. From left to right, the points in-
dicate where ns = 1./0.97/0.91/0.65. Bottom: Number of
e-folds realised along this trajectory, from the critical insta-
bility point.

given by Eq. (23). Thus for our set of parameters, one
can read
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global minima (φ = 0, ψ = ±M). Following [15], we can
assume that the auxiliary field reacts faster than the in-
flaton field such that trajectories follow the ellipse defined
by the minima in the ψ direction
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The small-field type effective potential defined by this
ellipse is nearly flat around the instability point, where its
curvature is negative. Thus a phase of inflation should be
possible near the top. The adiabatic field σ, introduced
in [22], defined such that

σ̇ =
√

φ̇2 + ψ̇2 , (27)

describes the collective evolution of the fields along the
classical trajectory. One can determine its equation of
motion
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where φ is related to the adiabatic field through the re-
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Like for an effective 1-field model, the slow-roll regime
can be assumed and the slow-roll parameters can be in-
troduced.

Let remark again that this approach is valid under the
assumption that trajectories follow the above defined el-
lipse. In practice, at the critical instability point, the
gradient of the potential is along the φ direction. The
field evolution first follow this direction and thus does
not follow exactly the ellipse of minima. Therefore the
predictions are expected to be modified more or less im-
portantly. These modifications are studied by solving
numerically the exact classical dynamics.

Fig. 1 shows a typical trajectory, for typical poten-
tial parameters. Starting integration at instability with
ψi = 10−12mpl ensures that the dynamics of the adia-
batic field is not dominated by its quantum stochastic
effects. Indeed, the initial transverse displacement cor-
responds to the scale of quantum transverse fluctuations
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FIG. 1: Top: typical trajectory (solid line) in the (φ,ψ)
plane (φ and ψ are in mpl units), for initial field values
φi = φc = 0.03mpl, ψi = 10−12mpl and potential parameters
M = 0.03mpl, µ = 636.4mpl. The ellipse of minima of Eq.(26)
is also represented (dashed line). From left to right, the points
indicate where ε1 = 10−3/10−2/0.1/1. Center: zoom around
φc for the same trajectory. From left to right, the points in-
dicate where ns = 1./0.97/0.91/0.65. Bottom: Number of
e-folds realised along this trajectory, from the critical insta-
bility point.

given by Eq. (23). Thus for our set of parameters, one
can read
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assumption that trajectories follow the above defined el-
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gradient of the potential is along the φ direction. The
field evolution first follow this direction and thus does
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FIG. 1: Top: typical trajectory (solid line) in the (φ,ψ)
plane (φ and ψ are in mpl units), for initial field values
φi = φc = 0.03mpl, ψi = 10−12mpl and potential parameters
M = 0.03mpl, µ = 636.4mpl. The ellipse of minima of Eq.(26)
is also represented (dashed line). From left to right, the points
indicate where ε1 = 10−3/10−2/0.1/1. Center: zoom around
φc for the same trajectory. From left to right, the points in-
dicate where ns = 1./0.97/0.91/0.65. Bottom: Number of
e-folds realised along this trajectory, from the critical insta-
bility point.

given by Eq. (23). Thus for our set of parameters, one
can read

ε1 ∼
φ2

cm
2
pl

µ4
> H2 ∼ 10−24, (32)

N > 60

The exact 2-field classical dynamics of  waterfall trajectories 

Much more than 60 e-folds
along the waterfall
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Red power spectrum 
of  adiabatic perturbations
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prior independent. A bound on this combination is:

log

(

µM

m2
pl

)

> 0.21 95%C.L.. (39)

This bound can be rewritten M >∼
1
µ and explained in-

tuitively. A large number of e-folds have to be generated
after the instability point, before the magnitude of the
effective negative mass of the auxiliary field

mψ(φ) = −
√

2
Λ2

M

√

1 −
φ2

φ2
c
, (40)
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FIG. 4: Marginalized posterior probability distributions of
the critical point of instability φc (top) and the normalizing
parameter Λ4 (bottom).

increases and becomes larger than H , forcing inflation to
stop. Following [23], this happens in the range

φc > φ > φc

√

1 − M2. (41)

During this period, the slow-roll approximation for φ is
valid and the number of e-folds generated is given by
Eq. (12). In the limit φ $ µ, using the range of φ ob-
tained in Eq. (41), straightforward manipulations give
∆N ∼ µ2M2/4M2

pl and thus the number of e-folds is
roughly fixed by the combination of the parameters µ
and M . From this reasoning comes also the argument
that, at the end of the Phase I, x % exp[−M 2/M2

pl] ∼ 1 .
Since the analyis is restricted to the sub-planckian field

dynamics, and thus to sub-planckian values of M , there
exist a gap between

0.3mpl
<∼ µ <∼ 6mpl, (42)

for which the number of e-folds generated is less than 60.
In this regime, the slope of the potential in the φ direction
is too large to generate a sufficient number of e-folds in
Phase I, before the negative mass of the auxiliary field
pushes the trajectory away from the ψ = 0 line.

The posterior probability distribution of φc is nearly
flat and this parameter does not influence significatively
the duration of the waterfall inflationary phase.

The marginalized posterior probability distribution of
Λ4 is almost flat and decreases for values corresponding
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increases and becomes larger than H , forcing inflation to
stop. Following [23], this happens in the range

φc > φ > φc

√

1 − M2. (41)

During this period, the slow-roll approximation for φ is
valid and the number of e-folds generated is given by
Eq. (12). In the limit φ $ µ, using the range of φ ob-
tained in Eq. (41), straightforward manipulations give
∆N ∼ µ2M2/4M2

pl and thus the number of e-folds is
roughly fixed by the combination of the parameters µ
and M . From this reasoning comes also the argument
that, at the end of the Phase I, x % exp[−M 2/M2

pl] ∼ 1 .
Since the analyis is restricted to the sub-planckian field

dynamics, and thus to sub-planckian values of M , there
exist a gap between

0.3mpl
<∼ µ <∼ 6mpl, (42)

for which the number of e-folds generated is less than 60.
In this regime, the slope of the potential in the φ direction
is too large to generate a sufficient number of e-folds in
Phase I, before the negative mass of the auxiliary field
pushes the trajectory away from the ψ = 0 line.

The posterior probability distribution of φc is nearly
flat and this parameter does not influence significatively
the duration of the waterfall inflationary phase.

The marginalized posterior probability distribution of
Λ4 is almost flat and decreases for values corresponding

- Flat priors on the log of  the potential parameters

- Exclusion of  trajectories for which quantum stochastic 

  effects of  the adiabatic field become dominant

- Posterior probability distributions for > 60 e-folds along waterfall :

      

V (φ, ψ) = Λ4

[(
1− ψ2

M2

)
+

φ2

µ2
+ 2

φ2ψ2

φ2
cM

2

]

7

0 1 2 3 4

log
Μ

mpl

!6 !5 !4 !3 !2 !1

log
M
mpl

FIG. 2: Marginalized posterior probability distributions of
the potential parameters µ (top) and M (bottom).

!2 !1 0 1 2 3

log
M Μ
mpl

2

FIG. 3: Marginalized posterior probability distribution of the
product Mµ.

prior independent. A bound on this combination is:

log

(

µM

m2
pl

)

> 0.21 95%C.L.. (39)

This bound can be rewritten M >∼
1
µ and explained in-

tuitively. A large number of e-folds have to be generated
after the instability point, before the magnitude of the
effective negative mass of the auxiliary field

mψ(φ) = −
√

2
Λ2

M

√

1 −
φ2

φ2
c
, (40)

!6 !5 !4 !3 !2 !1

log
Φc

mpl

!60 !50 !40 !30 !20

log
"4

mpl
4

FIG. 4: Marginalized posterior probability distributions of
the critical point of instability φc (top) and the normalizing
parameter Λ4 (bottom).

increases and becomes larger than H , forcing inflation to
stop. Following [23], this happens in the range

φc > φ > φc

√

1 − M2. (41)

During this period, the slow-roll approximation for φ is
valid and the number of e-folds generated is given by
Eq. (12). In the limit φ $ µ, using the range of φ ob-
tained in Eq. (41), straightforward manipulations give
∆N ∼ µ2M2/4M2

pl and thus the number of e-folds is
roughly fixed by the combination of the parameters µ
and M . From this reasoning comes also the argument
that, at the end of the Phase I, x % exp[−M 2/M2

pl] ∼ 1 .
Since the analyis is restricted to the sub-planckian field

dynamics, and thus to sub-planckian values of M , there
exist a gap between

0.3mpl
<∼ µ <∼ 6mpl, (42)

for which the number of e-folds generated is less than 60.
In this regime, the slope of the potential in the φ direction
is too large to generate a sufficient number of e-folds in
Phase I, before the negative mass of the auxiliary field
pushes the trajectory away from the ψ = 0 line.

The posterior probability distribution of φc is nearly
flat and this parameter does not influence significatively
the duration of the waterfall inflationary phase.

The marginalized posterior probability distribution of
Λ4 is almost flat and decreases for values corresponding

- Bound on the combination
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increases and becomes larger than H , forcing inflation to
stop. Following [23], this happens in the range

φc > φ > φc

√

1 − M2. (41)

During this period, the slow-roll approximation for φ is
valid and the number of e-folds generated is given by
Eq. (12). In the limit φ $ µ, using the range of φ ob-
tained in Eq. (41), straightforward manipulations give
∆N ∼ µ2M2/4M2

pl and thus the number of e-folds is
roughly fixed by the combination of the parameters µ
and M . From this reasoning comes also the argument
that, at the end of the Phase I, x % exp[−M 2/M2

pl] ∼ 1 .
Since the analyis is restricted to the sub-planckian field

dynamics, and thus to sub-planckian values of M , there
exist a gap between

0.3mpl
<∼ µ <∼ 6mpl, (42)

for which the number of e-folds generated is less than 60.
In this regime, the slope of the potential in the φ direction
is too large to generate a sufficient number of e-folds in
Phase I, before the negative mass of the auxiliary field
pushes the trajectory away from the ψ = 0 line.

The posterior probability distribution of φc is nearly
flat and this parameter does not influence significatively
the duration of the waterfall inflationary phase.

The marginalized posterior probability distribution of
Λ4 is almost flat and decreases for values corresponding

- High energy waterfall inflation less probable

      

- Flat priors on the log of  the potential parameters

- Exclusion of  trajectories for which quantum stochastic 

  effects of  the adiabatic field become dominant

- Posterior probability distributions for > 60 e-folds along waterfall :
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3.4 Power spectrum of adiabatic pert.

- Power spectrum (spectral index) of  adiabatic perturbations

  (slow-roll approximation for the adiabatic field) 

- Agreement with CMB constraints in a large part of  the parameter space

- Iso-curvature modes contribution NOT YET included       

8

to the highest energy scales of inflation, without becom-
ing negligible. This suppression is not only due to the
hard prior. More important is the effect of larger initial
values of the auxiliary field on the dynamics. When clas-
sical trajectories are initially far away from the ψ = 0
line, the phase I is reduced and less efficient to generate
a large number of e-folds.

The MCMC analysis therefore provides an explicit an-
swer to the question of how generic are trajectories realiz-
ing a large number of e-folds after the critical instability
point. They are found to occupy a large part of the pa-
rameter space, gathered in the region where Eq. (39) is
verified. Since Λ4 is directly linked to the energy scale
of inflation, waterfall inflation is also found to be more
favorable at low energy compared to the Planck scale.

Finally, let remark that the posterior probabil-
ity distributions obtained with the MCMC method
should be combined to the probability distributions of
φi, ψi, φ̇i, ψ̇i, M, µ, φc, obtained in [3], related to the prob-
ability for trajectories initially outside the valley to reach
the slow-roll attractor inside the inflationary valley.

All these results stand for the original hybrid model,
but the general features are expected to be reproducible
with more or less efficiency, for all models in which in-
flation mostly occur in a nearly flat valley and end due
to a tachyonic instability, like in many SUSY realizations
(e.g. F-term hybrid model [25]).

Notice that when Eq. 39 is not verified, then the stan-
dart mechanism do work: namely inflation stops soon
after φc.
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FIG. 5: 200 × 200 grid of spectral index values of the power
spectrum of adiabatic perturbations, in the plane (µ, M) for
the exact classical dynamics, with φc = 10−3mpl. Black re-
gion correspond to trajectories leading to no more than 60
e-folds after instability.

V. CONCLUSION AND DISCUSSION

In hybrid models, the usual description assumes slow-
roll inflation along a nearly flat valley ending quasi in-
stantaneously due to a tachyonic instability triggering
the tachyonic preheating [11–18].

In this paper, the waterfall phase has been studied in a
regime during which inflation continues for a long time.
It has been shown that much more than 60 e-folds can
be realised classically during the waterfall, after cross-
ing the instability point. Particular attention has been
given to study regions in the parameter space where the
classical dynamics is valid and not spoiled by quantum
backreactions of adiabatic and entropic fields.

For observable modes, the effective potential is very
flat with a negative curvature. Instead of blue, the power
spectrum of adiabatic perturbations is thus generically
red. However, recent developments have pointed the
dominant role of entropy perturbations [26–28] during
fast waterfall. In the inflationary regime put in evidence
here, the power spectrum of scalar perturbations could
also be dominated by entropy perturbations, whose con-
tribution has not been considered. Nevertheless, the full
calculation of the primordial power spectrum should be
realised soon in [29]. The effect on the non-gaussianities
produced during the tachyonic preheating [30, 31] could
be also important.

Therefore, it is premature to conclude that original hy-
brid model is strongly disfavored by CMB experiments.
All the more since a bayesian MCMC analysis demon-
strates that such trajectories are generic in a large part
of the potential parameters space.

Our result is expected to be present in all hybrid mod-
els with an inflationary valley and a tachyonic instability.
In particular, a preliminary study of F-term supersym-
metric hybrid model [25] indicates that it exhibits a sim-
ilar dynamics in some part of its parameter space.

These observations may have also an important im-
pact on questions related to the end of inflation. In par-
ticular, if a large number of e-folds occur after symme-
try breaking, the eventually formed topological defects
will be diluted by expansion and thus will not affect our
observable universe. Therefore, some works constrain-
ing the schemes of symmetry breaking in grand unified
theories with topological defects [32] may be reviewed.
Our results should have also some impact on tachyonic
preheating. In our knowledge, all the previous studies
of tachyonic preheating in hybrid inflation [13–15] ne-
glect expansion. Lattice simulations indicates that cos-
mic strings and domain walls strongly affect the way pre-
heating phase occur. However if such defects are diluted
by a phase of inflation after symmetry breaking, lattice
simulations should be updated to include expansion or to
start after waterfall inflation, like in new inflation models
[24].

Finally, let comment about stochastic effects. For 1-
field effective potential of hybrid inflation, these were
found to not affect the classical trajectories along the

N < 60
along waterfall
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4. Conclusions and perspectives
✦ Slow-roll violations in the valley:

      • The small field phase does not take place anymore 
      •  A critical value of  μ has been established
      •  Super-Plankian  initial field values needed   
      •  Red power spectrum, like in chaotic inflation 

✦ Initial conditions (I.C.) in hybrid inflation models:

        •  I.C. do not require to be fine-tuned along the valley
        •       more likely to be outside the inflationary valley  (anamorphosis) 

•  I.C. organiszd in connected structure with fractal boundaries
        •  successful I.C. independant of  initial velocities
        •  Natural bounds on potential parameters from only requirement 
           of  sufficiently long inflation.
       •  Similar results for other hybrid models (F-term,Smooth...)

ψi
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4. Conclusions and perspectives
✦ Hybrid inflation along waterfall trajectories:

      • Exact 2-fields dynamics 
      • Much more than 60 e-folds can be realized classically    

before tachyonic preheating occurs.
      •  Classical dynamics not spoiled by field quantum backreactions 
      •  Bounds on potential parameters from MCMC analysis   
      •  Red power spectrum of  adiabatic perturbations, possibly in 
          agreement with CMB constraints.  
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4. Conclusions and perspectives
✦ Hybrid inflation along waterfall trajectories:

      • Exact 2-fields dynamics 
      • Much more than 60 e-folds can be realized classically    

before tachyonic preheating occurs.
      •  Classical dynamics not spoiled by field quantum backreactions 
      •  Bounds on potential parameters from MCMC analysis   
      •  Red power spectrum of  adiabatic perturbations, possibly in 
          agreement with CMB constraints.  

✦ Perspective:  

    • This regime is suspected to exist for other hybrid models
       Confirmed for F-term SUSY/SUGRA hybrid model (preliminary)
    • Inclusion of  iso-curvature modes in the power spectrum calculation
    • Schemes of  symmetry breaking in GUT may be reviewed...
    • What happens when the stochastic effects dominate ?
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Thank you for your attention...
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   Simplest realisation :  Fill the universe with a scalar field φ
F.L. equations: 

K.G. equation: φ̈ + 3Hφ̇ +
dV

dφ
= 0

     Slow-roll 
approximation

H2 =
8π

3m2
p

[
1
2
φ̇2 + V (φ)

]

ä
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4

FIG. 1: First Hubble-flow parameter ε1, function of the infla-
ton field, during its evolution started in the large field phase,
in the slow-roll approximation (red !) and from the exact
dynamics (blue !). The curves correspond to µ = 0.1mpl

(dashed line) , µ = 0.4mpl (solid line).

may think that inflation always takes place for φ < φmax.
However, exact numerical results show that this conclu-
sion is erroneous: ε1 does not necessarily become negligi-
ble when the field vanishes (see the dashed blue curve).
As a consequence, inflation does not necessarily produce
the last 60 e-folds in the small field regime (φ < φmax).
One could think that the small field phase will however
always appear after some oscillations of φ around φ = 0,
since finally, ε1 always tend to 0. But this does not take
into account the instability due to the auxiliary field that
forces the evolution to stop before reaching φ = 0.

From Fig. 1, it is clear that the presence or not of
small field phase of inflation depend on the parameter
µ (difference between the dashed and plain curves). In
order to measure the efficiency/existence of this second
phase of inflation, we have plotted on Fig. 2 the number
of e-folds created between φmax and φ = 0 as a function
of µ. This shows that there exists a critical value

µcrit ! 0.32 mpl, (8)

under which the second phase of inflation will only
marginally contribute to the generation of e-folds. In this
case, the period of inflation where the observable modes
become super-Hubble will always take place in the large
field phase !(φ > φmax) provided φi > φmax.!In this
case, the potential of hybrid inflation leads to a chaotic-
like inflation, independently of the way inflation ends.
This has important consequences for the generated spec-
tral index.

2. Scalar spectral index

At first order in slow-roll parameters, the spectral in-
dex of the scalar power spectrum Pζ can be expressed

FIG. 2: Number of e-folds created between φmax and the end
of inflation, when slow-roll is not assumed. There exist a
critical value of the parameter µ under which a second phase
of inflation only marginally creates any e-folds. At the critical
value, the number of e-folds created in the second phase of
inflation diverges showing that this second phase is in slow-
roll and is very efficient.

as [46, 49]

ns − 1 ≡
dPζ

d ln k

∣

∣

∣

∣

k=k∗

= −2ε1∗ − ε2∗, (9)

where a star means that the quantity is evaluated when
at Hubble crossing aH = k∗, k∗ being a pivot scale in
the range of observable modes.

Recent experimental results from WMAP 5-years [12]
have a best fit at ns ! 0.96 and disfavor a value of
the scalar spectral index greater than unity at almost
95% confidence level (CL). From this observation, hy-
brid models have recently been considered as disfavored.
Indeed, in the slow-rolling effective one-field model, as
shown at the previous section, the last 60 e-folds of in-
flation are realized in the small field phase characterized
by a negative ε2 and a negligibly small ε1 which induces
necessarily a blue spectrum.

However, according to our results at the previous sec-
tion, we argue that there exist two mechanisms to pro-
duce a red spectrum within the standard hybrid inflation
model along the valley ψ = 0. There are two ways of
forcing the small field inflation phase not to take place,
either by instability or by violation of the slow-roll con-
dition. In both case, the consequence is that the spectral
index generated is below 1 as represented on Fig. 3. Note
that any values of the spectral index !can be actually
accommodated by the model, including the best fit for
WMAP5 data.!

a. When the critical point of instability is in the large
field phase. The first way to obtain a red spectrum is
to destabilize inflation with the waterfall field at some
stage during the large field phase or at most at the peak,
φc ≥ φmax, independently of µ. Indeed, for φ % φmax,
the inflaton potential is of the form V ! m2φ2/2 for

V (φ, ψ) =
1
2
m2φ2 +

λ

4
(
M2 − ψ2

)2 +
λ′

2
φ2ψ2

ε1 ≡ −
Ḣ

H2

ε1 < 1

µ = 0.1mpl

µ = 0.4mpl

(top curves)

(bottom curves)
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φ
ψ
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V (φ) = Λ4

[
1 +

(
φ

µ

)2
]
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4. How to avoid fine-tuning ?

• Extended space of  initial conditions 6

values and the number of e-folds as a function of time.
Choosing to end simulations when inflation is violated
would have not allowed us to study trajectories where
inflation is transiently interrupted as it may happen (see
Sec II A 1). Therefore, we chose to end the numerical in-
tegration when the trajectory is sure to be trapped by
one of the two global minima, because at that point, no
more e-folds will be produced. This is realized when the
sum of the kinetic and potential energy of the fields is
equal to the height of the potential barrier between the
vacua, i.e. when

λM4 =
1

2

(

φ̇2 + ψ̇2
)

+ V (φ, ψ). (14)

We have defined “successful inflation” as a period that
lasts at least for 60 e-folds4.

Let us mention that our aim here is not to provide
the best fit to the cosmological data but to explore the
genericity of inflation within the hybrid class of models.
However, notice that the COBE normalisation can al-
ways be achieved by a rescaling of the potential without
affecting the inflaton dynamics.

On Fig. 4 the grid of initial values is presented for the
original hybrid inflation model of Eq. (1). For values of
parameters comparable to those used in [29] and [31], we
have put in evidence three types of trajectories in the
fields space to obtain successful inflation. An example of
each has been represented on Fig. 4 and identified by a
letter A, B, or C whereas an example of a failed trajec-
tory is identified by a D. The details of these trajectories
are represented on Fig. 5 where the values of the fields for
three trajectories are plotted as a function of the number
of e-folds. A more detailed description of the more inter-
esting type-C trajectory is represented on Fig. 6. Each
trajectory is described and explained below.

a. Trajectory A: along the valley This region of suc-
cessful inflation corresponds to a narrow band along the
ψ = 0 line and is the standard evolution. Trajecto-
ries are characterized first by damped oscillations around
the inflationary valley which does not produce a signifi-
cant number of e-folds. However once the oscillations are
damped, the evolution is identical to the one for the effec-
tive one-field potential and inflation becomes extremely
efficient in terms of e-folds created. This explains the
abrupt transition observed on Fig. 4 along a vertical line
(parallel to the φ-axis) going from the unsuccessful to
the successful region. The difference between two close
points in each region is that for the successful ones, the

4 Note that the number of e-folds required to solve the horizon
problem actually depends on the energy at which inflation is
realized or the reheating temperature [9, 50, 51]

Nhorizon = 62 − ln(1016GeV/V 1/4
end

) −
1

3
ln(V 1/4

end
/ρ1/4

reh
)

. Here we will assume that inflation take place at high energy,
close to the GUT scale.

FIG. 4: Grid of initial conditions leading to successful (white
regions) and unsuccessful inflation (colored region), for the
original hybrid inflation with λ = λ′ = 1, m = 10−6mpl and
M = 0.03mpl. The color code denotes the number of e-folds
realized. Three typical successful trajectories [in the valley
(A), radial (B), and from an isolated point (C)] are added
as well as an unsuccessful trajectory (point D). Also plotted
are the iso-curves of ε1, in the slow-roll approximation, for
ε1 = 0.022, 0.02, 0.0167 and 0.015 (from left to right).

system just has the right amount of time for the oscilla-
tions to become damped before entering the global mini-
mum where inflation ends. For larger initial values of the
φ field (around and above the Planck mass), the narrow
band of successful inflation opens up and inflation is al-
ways successful (in agreement with [29, 30]. In this region
(at the top of Fig. 4), it is always possible for the oscil-
lations to become damped and for the efficient regime
of inflation to start before the end of inflation: the fine-
tuning on the initial conditions disappears at large values
of φ for any values of ψ. This behavior is similar to
the chaotic inflation model, where [52] super-planckian
values are necessary to have a long enough inflationary
phase.

By comparing the time necessary for the expansion to
damp the oscillations and the time taken by the inflaton
to reach the critical point of instability, an analytical
approximation of the width ψw of the narrow successful
band has been proposed in [29],

ψw !
√

3λπ3

4λ′
M. (15)

This provides a good fit of the width of the inflation-
ary valley at small φ " mpl. This successful band is

λ = λ′ = 1, M = 0.03 mpl, m = 10−6 mpl
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3. How to avoid fine-tuning ?

• Super-Planckian initial conditions:
6

values and the number of e-folds as a function of time.
Choosing to end simulations when inflation is violated
would have not allowed us to study trajectories where
inflation is transiently interrupted as it may happen (see
Sec II A 1). Therefore, we chose to end the numerical in-
tegration when the trajectory is sure to be trapped by
one of the two global minima, because at that point, no
more e-folds will be produced. This is realized when the
sum of the kinetic and potential energy of the fields is
equal to the height of the potential barrier between the
vacua, i.e. when

λM4 =
1

2

(

φ̇2 + ψ̇2
)

+ V (φ, ψ). (14)

We have defined “successful inflation” as a period that
lasts at least for 60 e-folds4.

Let us mention that our aim here is not to provide
the best fit to the cosmological data but to explore the
genericity of inflation within the hybrid class of models.
However, notice that the COBE normalisation can al-
ways be achieved by a rescaling of the potential without
affecting the inflaton dynamics.

On Fig. 4 the grid of initial values is presented for the
original hybrid inflation model of Eq. (1). For values of
parameters comparable to those used in [29] and [31], we
have put in evidence three types of trajectories in the
fields space to obtain successful inflation. An example of
each has been represented on Fig. 4 and identified by a
letter A, B, or C whereas an example of a failed trajec-
tory is identified by a D. The details of these trajectories
are represented on Fig. 5 where the values of the fields for
three trajectories are plotted as a function of the number
of e-folds. A more detailed description of the more inter-
esting type-C trajectory is represented on Fig. 6. Each
trajectory is described and explained below.

a. Trajectory A: along the valley This region of suc-
cessful inflation corresponds to a narrow band along the
ψ = 0 line and is the standard evolution. Trajecto-
ries are characterized first by damped oscillations around
the inflationary valley which does not produce a signifi-
cant number of e-folds. However once the oscillations are
damped, the evolution is identical to the one for the effec-
tive one-field potential and inflation becomes extremely
efficient in terms of e-folds created. This explains the
abrupt transition observed on Fig. 4 along a vertical line
(parallel to the φ-axis) going from the unsuccessful to
the successful region. The difference between two close
points in each region is that for the successful ones, the

4 Note that the number of e-folds required to solve the horizon
problem actually depends on the energy at which inflation is
realized or the reheating temperature [9, 50, 51]

Nhorizon = 62 − ln(1016GeV/V 1/4
end

) −
1

3
ln(V 1/4

end
/ρ1/4

reh
)

. Here we will assume that inflation take place at high energy,
close to the GUT scale.

FIG. 4: Grid of initial conditions leading to successful (white
regions) and unsuccessful inflation (colored region), for the
original hybrid inflation with λ = λ′ = 1, m = 10−6mpl and
M = 0.03mpl. The color code denotes the number of e-folds
realized. Three typical successful trajectories [in the valley
(A), radial (B), and from an isolated point (C)] are added
as well as an unsuccessful trajectory (point D). Also plotted
are the iso-curves of ε1, in the slow-roll approximation, for
ε1 = 0.022, 0.02, 0.0167 and 0.015 (from left to right).

system just has the right amount of time for the oscilla-
tions to become damped before entering the global mini-
mum where inflation ends. For larger initial values of the
φ field (around and above the Planck mass), the narrow
band of successful inflation opens up and inflation is al-
ways successful (in agreement with [29, 30]. In this region
(at the top of Fig. 4), it is always possible for the oscil-
lations to become damped and for the efficient regime
of inflation to start before the end of inflation: the fine-
tuning on the initial conditions disappears at large values
of φ for any values of ψ. This behavior is similar to
the chaotic inflation model, where [52] super-planckian
values are necessary to have a long enough inflationary
phase.

By comparing the time necessary for the expansion to
damp the oscillations and the time taken by the inflaton
to reach the critical point of instability, an analytical
approximation of the width ψw of the narrow successful
band has been proposed in [29],

ψw !
√

3λπ3

4λ′
M. (15)

This provides a good fit of the width of the inflation-
ary valley at small φ " mpl. This successful band is

λ = λ′ = 1, M = 0.03 mpl, m = 10−6 mpl
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3. How to avoid fine-tuning ?

• Super-Planckian initial conditions:

Variation of  potential parameters:

• λ’  reduced 
⇒ slope of  the transition reduced ⇒ 
less “isolated” points
• M or λ increases
⇒ less “isolated” points

• m has no effect until it is small

6

values and the number of e-folds as a function of time.
Choosing to end simulations when inflation is violated
would have not allowed us to study trajectories where
inflation is transiently interrupted as it may happen (see
Sec II A 1). Therefore, we chose to end the numerical in-
tegration when the trajectory is sure to be trapped by
one of the two global minima, because at that point, no
more e-folds will be produced. This is realized when the
sum of the kinetic and potential energy of the fields is
equal to the height of the potential barrier between the
vacua, i.e. when

λM4 =
1

2

(

φ̇2 + ψ̇2
)

+ V (φ, ψ). (14)

We have defined “successful inflation” as a period that
lasts at least for 60 e-folds4.

Let us mention that our aim here is not to provide
the best fit to the cosmological data but to explore the
genericity of inflation within the hybrid class of models.
However, notice that the COBE normalisation can al-
ways be achieved by a rescaling of the potential without
affecting the inflaton dynamics.

On Fig. 4 the grid of initial values is presented for the
original hybrid inflation model of Eq. (1). For values of
parameters comparable to those used in [29] and [31], we
have put in evidence three types of trajectories in the
fields space to obtain successful inflation. An example of
each has been represented on Fig. 4 and identified by a
letter A, B, or C whereas an example of a failed trajec-
tory is identified by a D. The details of these trajectories
are represented on Fig. 5 where the values of the fields for
three trajectories are plotted as a function of the number
of e-folds. A more detailed description of the more inter-
esting type-C trajectory is represented on Fig. 6. Each
trajectory is described and explained below.

a. Trajectory A: along the valley This region of suc-
cessful inflation corresponds to a narrow band along the
ψ = 0 line and is the standard evolution. Trajecto-
ries are characterized first by damped oscillations around
the inflationary valley which does not produce a signifi-
cant number of e-folds. However once the oscillations are
damped, the evolution is identical to the one for the effec-
tive one-field potential and inflation becomes extremely
efficient in terms of e-folds created. This explains the
abrupt transition observed on Fig. 4 along a vertical line
(parallel to the φ-axis) going from the unsuccessful to
the successful region. The difference between two close
points in each region is that for the successful ones, the

4 Note that the number of e-folds required to solve the horizon
problem actually depends on the energy at which inflation is
realized or the reheating temperature [9, 50, 51]

Nhorizon = 62 − ln(1016GeV/V 1/4
end

) −
1

3
ln(V 1/4

end
/ρ1/4

reh
)

. Here we will assume that inflation take place at high energy,
close to the GUT scale.

FIG. 4: Grid of initial conditions leading to successful (white
regions) and unsuccessful inflation (colored region), for the
original hybrid inflation with λ = λ′ = 1, m = 10−6mpl and
M = 0.03mpl. The color code denotes the number of e-folds
realized. Three typical successful trajectories [in the valley
(A), radial (B), and from an isolated point (C)] are added
as well as an unsuccessful trajectory (point D). Also plotted
are the iso-curves of ε1, in the slow-roll approximation, for
ε1 = 0.022, 0.02, 0.0167 and 0.015 (from left to right).

system just has the right amount of time for the oscilla-
tions to become damped before entering the global mini-
mum where inflation ends. For larger initial values of the
φ field (around and above the Planck mass), the narrow
band of successful inflation opens up and inflation is al-
ways successful (in agreement with [29, 30]. In this region
(at the top of Fig. 4), it is always possible for the oscil-
lations to become damped and for the efficient regime
of inflation to start before the end of inflation: the fine-
tuning on the initial conditions disappears at large values
of φ for any values of ψ. This behavior is similar to
the chaotic inflation model, where [52] super-planckian
values are necessary to have a long enough inflationary
phase.

By comparing the time necessary for the expansion to
damp the oscillations and the time taken by the inflaton
to reach the critical point of instability, an analytical
approximation of the width ψw of the narrow successful
band has been proposed in [29],

ψw !
√

3λπ3

4λ′
M. (15)

This provides a good fit of the width of the inflation-
ary valley at small φ " mpl. This successful band is

λ = λ′ = 1, M = 0.03 mpl, m = 10−6 mpl
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3. How to avoid fine-tuning ?

• Super-Planckian initial conditions:

Variation of  potential parameters:

• λ’  reduced 
⇒ slope of  the transition reduced ⇒ 
less “isolated” points
• M or λ increases
⇒ less “isolated” points

• m has no effect until it is small

6

values and the number of e-folds as a function of time.
Choosing to end simulations when inflation is violated
would have not allowed us to study trajectories where
inflation is transiently interrupted as it may happen (see
Sec II A 1). Therefore, we chose to end the numerical in-
tegration when the trajectory is sure to be trapped by
one of the two global minima, because at that point, no
more e-folds will be produced. This is realized when the
sum of the kinetic and potential energy of the fields is
equal to the height of the potential barrier between the
vacua, i.e. when

λM4 =
1

2

(

φ̇2 + ψ̇2
)

+ V (φ, ψ). (14)

We have defined “successful inflation” as a period that
lasts at least for 60 e-folds4.

Let us mention that our aim here is not to provide
the best fit to the cosmological data but to explore the
genericity of inflation within the hybrid class of models.
However, notice that the COBE normalisation can al-
ways be achieved by a rescaling of the potential without
affecting the inflaton dynamics.

On Fig. 4 the grid of initial values is presented for the
original hybrid inflation model of Eq. (1). For values of
parameters comparable to those used in [29] and [31], we
have put in evidence three types of trajectories in the
fields space to obtain successful inflation. An example of
each has been represented on Fig. 4 and identified by a
letter A, B, or C whereas an example of a failed trajec-
tory is identified by a D. The details of these trajectories
are represented on Fig. 5 where the values of the fields for
three trajectories are plotted as a function of the number
of e-folds. A more detailed description of the more inter-
esting type-C trajectory is represented on Fig. 6. Each
trajectory is described and explained below.

a. Trajectory A: along the valley This region of suc-
cessful inflation corresponds to a narrow band along the
ψ = 0 line and is the standard evolution. Trajecto-
ries are characterized first by damped oscillations around
the inflationary valley which does not produce a signifi-
cant number of e-folds. However once the oscillations are
damped, the evolution is identical to the one for the effec-
tive one-field potential and inflation becomes extremely
efficient in terms of e-folds created. This explains the
abrupt transition observed on Fig. 4 along a vertical line
(parallel to the φ-axis) going from the unsuccessful to
the successful region. The difference between two close
points in each region is that for the successful ones, the

4 Note that the number of e-folds required to solve the horizon
problem actually depends on the energy at which inflation is
realized or the reheating temperature [9, 50, 51]

Nhorizon = 62 − ln(1016GeV/V 1/4
end

) −
1

3
ln(V 1/4

end
/ρ1/4

reh
)

. Here we will assume that inflation take place at high energy,
close to the GUT scale.

FIG. 4: Grid of initial conditions leading to successful (white
regions) and unsuccessful inflation (colored region), for the
original hybrid inflation with λ = λ′ = 1, m = 10−6mpl and
M = 0.03mpl. The color code denotes the number of e-folds
realized. Three typical successful trajectories [in the valley
(A), radial (B), and from an isolated point (C)] are added
as well as an unsuccessful trajectory (point D). Also plotted
are the iso-curves of ε1, in the slow-roll approximation, for
ε1 = 0.022, 0.02, 0.0167 and 0.015 (from left to right).

system just has the right amount of time for the oscilla-
tions to become damped before entering the global mini-
mum where inflation ends. For larger initial values of the
φ field (around and above the Planck mass), the narrow
band of successful inflation opens up and inflation is al-
ways successful (in agreement with [29, 30]. In this region
(at the top of Fig. 4), it is always possible for the oscil-
lations to become damped and for the efficient regime
of inflation to start before the end of inflation: the fine-
tuning on the initial conditions disappears at large values
of φ for any values of ψ. This behavior is similar to
the chaotic inflation model, where [52] super-planckian
values are necessary to have a long enough inflationary
phase.

By comparing the time necessary for the expansion to
damp the oscillations and the time taken by the inflaton
to reach the critical point of instability, an analytical
approximation of the width ψw of the narrow successful
band has been proposed in [29],

ψw !
√

3λπ3

4λ′
M. (15)

This provides a good fit of the width of the inflation-
ary valley at small φ " mpl. This successful band is

λ = λ′ = 1, M = 0.03 mpl, m = 10−6 mpl

Isocurves of      (first slow-roll par.) 
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3. How to avoid fine-tuning ?

• Super-Planckian initial conditions:

Variation of  potential parameters:

• λ’  reduced 
⇒ slope of  the transition reduced ⇒ 
less “isolated” points
• M or λ increases
⇒ less “isolated” points

• m has no effect until it is small

• m increases

⇒ “small field” phase disappears due 
to slow-roll violation
⇒ elliptic unsuccessful region  

10

Model Values of parameters Successful points (%) Anamorphosis points (%) Figure

Hybrid M = 0.03mpl, m = 10−6mpl, λ = λ′ = 1 17.4 14.8 4

Hybrid M = 0.06mpl, m = 10−6, λ = 1, λ′ = 1 11.3 5.5

Hybrid M = 0.1mpl, m = 10−6, λ = 1, λ′ = 1 7.8 < 0.1

Hybrid M = 0.03mpl, m = 10−5mpl, λ = λ′ = 1 17.4 14.8

Hybrid M = 0.03mpl, m = 10−6mpl, λ = 0.1, λ′ = 1 15.5 14.1 8

Hybrid M = 0.03mpl, m = 10−6mpl, λ = 1, λ′ = 0.5 21.8 18.8

Hybrid M = 0.03mpl, m = 10−6mpl, λ = 1, λ′ = 0.3 8.6 5.5

Hybrid M = 0.03mpl, m = 10−6mpl, λ = 1, λ′ = 0.1 2.8 < 0.1 9

Hybrid M = 0.03mpl, m = 10−6mpl, λ = 1, λ′ = 10 15.5 12.5

Hybrid M = m = 10−3mpl, λ = 1, λ′ = 10−2 0 0 10

TABLE I: Percentage of successful points in grids of initial conditions, for different values of parameters, in a square of a
reduced Planck mass length. The third column represents the area of the whole successful initial condition parameter space
over the total surface. The fourth column represents the surface of the successful space only located in isolated points, over
the total surface. This allows to visualize the importance of these isolated points. For several of these sets of values for the
potential parameters, the grid of initial conditions is represented in the body of the paper. When it is the case, the number of
the figure is given in column 5.

FIG. 10: Grid of initial conditions and exemple trajectories
for the hybrid model, with m = M = 10−3mpl, λ = 1, λ′ =
10−2.

ward 100%. Therefore, we have also realized the same
quantification with the requirement φi, ψi ≤ 5mpl and
found that the percentage of successful initial conditions
raise to 72% for the parameter values of Fig. 4.

III. INITIAL CONDITIONS FOR EXTENDED
MODELS OF HYBRID INFLATION

In this section, we will study the properties of initial
conditions leading to successful inflation for three hybrid
type of inflation and study how generic the properties
observed in the previous section for the original model
are. The models are the supersymmetric smooth, and
shifted hybrid inflation, and radion inflation.

A. Motivations for smooth and shifted hybrid
inflation

Following the original inflation model, it has been pro-
posed to construct the same model in a supersymmetric
formulation [17]. The model is called F-term hybrid in-
flation. In this case, the inflaton field φ is replaced by
a superfield S, and the Higgs field ψ is replaced by a
pair of Higgs superfields Φ̄, Φ non-trivially charged un-
der a symmetry group6 G whereas S is assumed to be a
gauge singlet under G. The only superpotential, invari-
ant under G and under a R-symmetry7, contains only
renormalizable terms and must read [17]

WF = κS(Φ+Φ− − M2). (19)

It gives rise to a scalar potential similar to Eq. (1), the
coupling constants λ and λ′ being replaced by κ. This

6 They are assumed to belong to two complex conjugate represen-
tations. For example, if G = SO(10) they are commonly assumed
to be 126 and 126.

7 This R-symmetry is a U(1) symmetry under which Φ and Φ̄ have
opposite charges and S and W have identical charges.
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3. How to avoid fine-tuning ?

• Super-Planckian initial conditions:

Variation of  potential parameters:

• λ’  reduced 
⇒ slope of  the transition reduced ⇒ 
less “isolated” points
• M or λ increases
⇒ less “isolated” points

• m has no effect until it is small

• m increases

⇒ “small field” phase disappears due 
to slow-roll violation
⇒ elliptic unsuccessful region  

If  super-planckian values are allowed,

The fine-tuning problem is resolved!
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Model Values of parameters Successful points (%) Anamorphosis points (%) Figure

Hybrid M = 0.03mpl, m = 10−6mpl, λ = λ′ = 1 17.4 14.8 4

Hybrid M = 0.06mpl, m = 10−6, λ = 1, λ′ = 1 11.3 5.5

Hybrid M = 0.1mpl, m = 10−6, λ = 1, λ′ = 1 7.8 < 0.1

Hybrid M = 0.03mpl, m = 10−5mpl, λ = λ′ = 1 17.4 14.8

Hybrid M = 0.03mpl, m = 10−6mpl, λ = 0.1, λ′ = 1 15.5 14.1 8

Hybrid M = 0.03mpl, m = 10−6mpl, λ = 1, λ′ = 0.5 21.8 18.8

Hybrid M = 0.03mpl, m = 10−6mpl, λ = 1, λ′ = 0.3 8.6 5.5

Hybrid M = 0.03mpl, m = 10−6mpl, λ = 1, λ′ = 0.1 2.8 < 0.1 9

Hybrid M = 0.03mpl, m = 10−6mpl, λ = 1, λ′ = 10 15.5 12.5

Hybrid M = m = 10−3mpl, λ = 1, λ′ = 10−2 0 0 10

TABLE I: Percentage of successful points in grids of initial conditions, for different values of parameters, in a square of a
reduced Planck mass length. The third column represents the area of the whole successful initial condition parameter space
over the total surface. The fourth column represents the surface of the successful space only located in isolated points, over
the total surface. This allows to visualize the importance of these isolated points. For several of these sets of values for the
potential parameters, the grid of initial conditions is represented in the body of the paper. When it is the case, the number of
the figure is given in column 5.

FIG. 10: Grid of initial conditions and exemple trajectories
for the hybrid model, with m = M = 10−3mpl, λ = 1, λ′ =
10−2.

ward 100%. Therefore, we have also realized the same
quantification with the requirement φi, ψi ≤ 5mpl and
found that the percentage of successful initial conditions
raise to 72% for the parameter values of Fig. 4.

III. INITIAL CONDITIONS FOR EXTENDED
MODELS OF HYBRID INFLATION

In this section, we will study the properties of initial
conditions leading to successful inflation for three hybrid
type of inflation and study how generic the properties
observed in the previous section for the original model
are. The models are the supersymmetric smooth, and
shifted hybrid inflation, and radion inflation.

A. Motivations for smooth and shifted hybrid
inflation

Following the original inflation model, it has been pro-
posed to construct the same model in a supersymmetric
formulation [17]. The model is called F-term hybrid in-
flation. In this case, the inflaton field φ is replaced by
a superfield S, and the Higgs field ψ is replaced by a
pair of Higgs superfields Φ̄, Φ non-trivially charged un-
der a symmetry group6 G whereas S is assumed to be a
gauge singlet under G. The only superpotential, invari-
ant under G and under a R-symmetry7, contains only
renormalizable terms and must read [17]

WF = κS(Φ+Φ− − M2). (19)

It gives rise to a scalar potential similar to Eq. (1), the
coupling constants λ and λ′ being replaced by κ. This

6 They are assumed to belong to two complex conjugate represen-
tations. For example, if G = SO(10) they are commonly assumed
to be 126 and 126.

7 This R-symmetry is a U(1) symmetry under which Φ and Φ̄ have
opposite charges and S and W have identical charges.
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4. Robustness of predictions

• Shifted inflation: 

F-term superpotential + non-renormalizable term

Effective 2-field potential:

                                         1 central + 2 parallel valleys 

V (φ, ψ) = κ2
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κ
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+ 2κ2φ2ψ2
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2. Space of initial conditions

In a previous study by Lazarides et al. [32], an ex-
ploration of the space of initial conditions leading to
sufficient inflation was performed, with a low resolu-
tion. This exploration led to a conclusion opposite to
the one found for the non-supersymmetric hybrid infla-
tion model: most of the space was found to be successful.
Therefore, smooth hybrid inflation seems a good labora-
tory to test the validity of the results we found at the
previous section. We performed the exploration of the
space of initial conditions, for a higher resolution, and
for a larger range of initial field values and parameter
values. Imposing φi, ψi ≤ Mpl, we computed the propor-
tion of successful initial conditions and the proportion
of isolated successful points away from the inflationary
valleys.

Our study, also extended to super-planckian values of
the fields, always reveals a structure similar to that of the
original model. We observe (see for e.g. Fig. 10) a nar-
row band of fine-tuned successful initial conditions along
ψ = 0, a triangular unsuccessful region, and successful
areas for large initial values of one or both of the fields.
Anamorphosis is also present, leading to isolated success-
ful patterns in the unsuccessful region. For the values of
the parameters quoted in Ref. [32], that is with a mass
scale of order 10−5mpl, they occupy most of the space
of initial condition as shown on Fig. 10. We find almost
80% of initial conditions below the reduced Planck mass
to be successful.

We have also studied how this grid evolves with the
parameters of the potential. We first observe that the
amount of successful initial conditions is independent of
the coupling constant κ (it only scales the potential or
the CMB spectrum), but only depends on the mass scale
M . This analysis shows a strong dependency with the
value of M , the amount of successful initial conditions
ranging from 15% to almost 80% when M ranges from
10−2 and 10−5. For M below the GUT scale, 1016 GeV,
the quantification of successful initial conditions is larger
than 50%, providing a good mechanism to produce infla-
tion without fine-tuning of initial conditions. As a con-
clusion, we confirm the qualitative results of [32], and we
note that they depend on the values of potential param-
eters. We note also that most of the successful initial
conditions are isolated, that is located outside of the in-
flationary valleys: they form an anamorphosis like in the
hybrid inflation model. These results are summarized in
the Tab. II at the end of this section.

3. Supergravity corrections

The smooth hybrid inflation is based on a superpo-
tential that contains a non-renormalizable term, with a

FIG. 10: Grid of initial conditions for smooth inflation, using
the values of the parameters of [32]: κ ! 10, M ! 2.3 ×

10−5mpl.

cutoff scale chosen at the reduced Planck mass. In addi-
tion, in our study we consider field values that are non-
negligible compared to Mpl, sometimes above. Therefore,
to extend the domain of validity of the model, supergrav-
ity corrections (introducing corrections proportional to
negative powers of Mpl) should be taken into account.
We remind the reader that outside of the domain of va-
lidity of the model (whether in SUSY or in SUGRA), the
model is still studied but considered as an effective model
derived from some frameworks in which super-planckian
field values can safely be considered (see introduction).

Assuming supergravity with a minimal Kähler poten-
tial,

K = Kmin = |Φ|2 + |Φ̄|2 + |S|2, (27)

the scalar potential reads,

5. Robustness of predictions

• Smooth inflation: (Lazarides, Panagiotakopoulos, hep-ph/9506325)
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2. Space of initial conditions

In a previous study by Lazarides et al. [32], an ex-
ploration of the space of initial conditions leading to
sufficient inflation was performed, with a low resolu-
tion. This exploration led to a conclusion opposite to
the one found for the non-supersymmetric hybrid infla-
tion model: most of the space was found to be successful.
Therefore, smooth hybrid inflation seems a good labora-
tory to test the validity of the results we found at the
previous section. We performed the exploration of the
space of initial conditions, for a higher resolution, and
for a larger range of initial field values and parameter
values. Imposing φi, ψi ≤ Mpl, we computed the propor-
tion of successful initial conditions and the proportion
of isolated successful points away from the inflationary
valleys.

Our study, also extended to super-planckian values of
the fields, always reveals a structure similar to that of the
original model. We observe (see for e.g. Fig. 10) a nar-
row band of fine-tuned successful initial conditions along
ψ = 0, a triangular unsuccessful region, and successful
areas for large initial values of one or both of the fields.
Anamorphosis is also present, leading to isolated success-
ful patterns in the unsuccessful region. For the values of
the parameters quoted in Ref. [32], that is with a mass
scale of order 10−5mpl, they occupy most of the space
of initial condition as shown on Fig. 10. We find almost
80% of initial conditions below the reduced Planck mass
to be successful.

We have also studied how this grid evolves with the
parameters of the potential. We first observe that the
amount of successful initial conditions is independent of
the coupling constant κ (it only scales the potential or
the CMB spectrum), but only depends on the mass scale
M . This analysis shows a strong dependency with the
value of M , the amount of successful initial conditions
ranging from 15% to almost 80% when M ranges from
10−2 and 10−5. For M below the GUT scale, 1016 GeV,
the quantification of successful initial conditions is larger
than 50%, providing a good mechanism to produce infla-
tion without fine-tuning of initial conditions. As a con-
clusion, we confirm the qualitative results of [32], and we
note that they depend on the values of potential param-
eters. We note also that most of the successful initial
conditions are isolated, that is located outside of the in-
flationary valleys: they form an anamorphosis like in the
hybrid inflation model. These results are summarized in
the Tab. II at the end of this section.

3. Supergravity corrections

The smooth hybrid inflation is based on a superpo-
tential that contains a non-renormalizable term, with a

FIG. 10: Grid of initial conditions for smooth inflation, using
the values of the parameters of [32]: κ ! 10, M ! 2.3 ×

10−5mpl.

cutoff scale chosen at the reduced Planck mass. In addi-
tion, in our study we consider field values that are non-
negligible compared to Mpl, sometimes above. Therefore,
to extend the domain of validity of the model, supergrav-
ity corrections (introducing corrections proportional to
negative powers of Mpl) should be taken into account.
We remind the reader that outside of the domain of va-
lidity of the model (whether in SUSY or in SUGRA), the
model is still studied but considered as an effective model
derived from some frameworks in which super-planckian
field values can safely be considered (see introduction).

Assuming supergravity with a minimal Kähler poten-
tial,

K = Kmin = |Φ|2 + |Φ̄|2 + |S|2, (27)

the scalar potential reads,
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5. Robustness of predictions

• Shifted inflation: (Jeannerot, Khalil, Lazarides, Shafi,  hep-ph/0002151)

Effective 2-field potential (SUSY):

                                         1 central + 2 parallel valleys 
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FIG. 15: Grid of initial conditions leading or not to infla-
tion, for the shifted potential with M = 0.1mpl, κ = 1, and
β = 0.1m−2

pl . Some trajectories in field space have been rep-
resented to identify where local maxima and minima are.

is to generate a sufficiently flat inflaton potential, pro-
tected by gauge symmetries because the inflaton field is
part of a gauge field. As a consequence, it is safe to con-
sider super-planckian values for the inflaton field. Be-
cause its potential is similar to the (smooth) hybrid one,
this model is also interesting to determine how generic
the properties of initial conditions observed for hybrid
inflation in the previous sections are, for different types
of models, originating from different high energy frame-
works.

2. The potential

In the simplest version of these models it is assumed
an effective 5-dimensional universe, one of the dimension
being compactified with a radius9 R. In the gauge infla-
tion model, a gauge symmetry is assumed together with a
gauge field (Aµ, A5). The inflaton field is proportional to
the phase θ of a Wilson loop wrapped around the com-
pact dimension θ =

∮

dx5A5. The full inflaton field is
constructed with the symmetry breaking scale f of the
gauge symmetry φ ≡ fθ. Its potential is flat at tree level

9 The effective 4-dimensional (reduced) Planck mass is related to
the 5-dimension Planck mass M5 by M2

pl = 2πRM3
5 .

but at one-loop, takes the form of an axion-like potential

V (φ) ∝
1

R4
cos(φ/f). (27)

The potential is protected from non-renormalizable
operators, suppressed by powers of 1/R, while non-
perturbative quantum gravity corrections can be sup-
pressed [44, 45]. Another motivation concerns the initial
homogeneity of the inflaton field, necessary for inflation
to start. Finally, since the inflaton is a phase, one can
show [42] that the probability to have a sufficiently ho-
mogeneous distribution of the field is quite large.

The “radion assisted” gauge inflation differs from stan-
dard gauge inflation by assuming a varying radius of the
extra-dimension R, around a central value R0. The “ra-
dion” field is defined by10 ψ ≡ (2πR)−1 and is subject to
a potential for which R0 is assumed to be the minimum
(for the late time stability of the extra-dimension). The
simplest way to implement this stabilization is to use a
Higgs-type potential for ψ. By expanding, at first order,
the potential of Eq. (27), and by adding the Higgs-type
sector, the full scalar potential reads [24]

V (φ, ψ) =
1

4

φ2

f2
ψ4 +

λ

4

(

ψ2 − ψ2
0

)2
. (28)

where ψ0 = (2πR0)−1. This potential is similar to the
hybrid potential discussed in the last section. It is flat
for ψ = 0 which corresponds to a global maxima. For a
given φ, the minima of the potential are located in the
valleys

〈ψ〉2 =
ψ2

0

1 + φ2/(λf2)
. (29)

More than 60 e-folds of inflation can occur in this throat.

3. Space of initial conditions

Regarding the allowed parameter space that can be
studied, since ψ is the inverse of the radius of an extra-
dimension and thus quantum gravity effects are expected
to dominate when the field gets larger than the five di-
mensional Planck mass. Thus superplanckian values of
ψ or ψ0 should not be taken into account if one doesn’t
consider the potential of Eq. (28) as a toy model. For the
first set of values of the parameters (ψ0 = 10−2mpl, f =
mpl, λ = 10−5), the grid of initial conditions is very sim-
ilar to the hybrid case, with a triangular unsuccessful

10 In our simulations below, we allowed the ψ field to take negative
values because the symmetries of the potential allow to redefine
the field as

|ψ| ≡ (2πR)−1 ,

so that the length of the extra-dimension stays positive.
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5. Robustness of predictions

• Shifted inflation: (Jeannerot, Khalil, Lazarides, Shafi,  hep-ph/0002151)

Effective 2-field potential (SUSY):
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FIG. 15: Grid of initial conditions leading or not to infla-
tion, for the shifted potential with M = 0.1mpl, κ = 1, and
β = 0.1m−2

pl . Some trajectories in field space have been rep-
resented to identify where local maxima and minima are.

is to generate a sufficiently flat inflaton potential, pro-
tected by gauge symmetries because the inflaton field is
part of a gauge field. As a consequence, it is safe to con-
sider super-planckian values for the inflaton field. Be-
cause its potential is similar to the (smooth) hybrid one,
this model is also interesting to determine how generic
the properties of initial conditions observed for hybrid
inflation in the previous sections are, for different types
of models, originating from different high energy frame-
works.

2. The potential

In the simplest version of these models it is assumed
an effective 5-dimensional universe, one of the dimension
being compactified with a radius9 R. In the gauge infla-
tion model, a gauge symmetry is assumed together with a
gauge field (Aµ, A5). The inflaton field is proportional to
the phase θ of a Wilson loop wrapped around the com-
pact dimension θ =

∮

dx5A5. The full inflaton field is
constructed with the symmetry breaking scale f of the
gauge symmetry φ ≡ fθ. Its potential is flat at tree level

9 The effective 4-dimensional (reduced) Planck mass is related to
the 5-dimension Planck mass M5 by M2

pl = 2πRM3
5 .

but at one-loop, takes the form of an axion-like potential

V (φ) ∝
1

R4
cos(φ/f). (27)

The potential is protected from non-renormalizable
operators, suppressed by powers of 1/R, while non-
perturbative quantum gravity corrections can be sup-
pressed [44, 45]. Another motivation concerns the initial
homogeneity of the inflaton field, necessary for inflation
to start. Finally, since the inflaton is a phase, one can
show [42] that the probability to have a sufficiently ho-
mogeneous distribution of the field is quite large.

The “radion assisted” gauge inflation differs from stan-
dard gauge inflation by assuming a varying radius of the
extra-dimension R, around a central value R0. The “ra-
dion” field is defined by10 ψ ≡ (2πR)−1 and is subject to
a potential for which R0 is assumed to be the minimum
(for the late time stability of the extra-dimension). The
simplest way to implement this stabilization is to use a
Higgs-type potential for ψ. By expanding, at first order,
the potential of Eq. (27), and by adding the Higgs-type
sector, the full scalar potential reads [24]

V (φ, ψ) =
1

4

φ2

f2
ψ4 +

λ

4

(

ψ2 − ψ2
0

)2
. (28)

where ψ0 = (2πR0)−1. This potential is similar to the
hybrid potential discussed in the last section. It is flat
for ψ = 0 which corresponds to a global maxima. For a
given φ, the minima of the potential are located in the
valleys

〈ψ〉2 =
ψ2

0

1 + φ2/(λf2)
. (29)

More than 60 e-folds of inflation can occur in this throat.

3. Space of initial conditions

Regarding the allowed parameter space that can be
studied, since ψ is the inverse of the radius of an extra-
dimension and thus quantum gravity effects are expected
to dominate when the field gets larger than the five di-
mensional Planck mass. Thus superplanckian values of
ψ or ψ0 should not be taken into account if one doesn’t
consider the potential of Eq. (28) as a toy model. For the
first set of values of the parameters (ψ0 = 10−2mpl, f =
mpl, λ = 10−5), the grid of initial conditions is very sim-
ilar to the hybrid case, with a triangular unsuccessful

10 In our simulations below, we allowed the ψ field to take negative
values because the symmetries of the potential allow to redefine
the field as

|ψ| ≡ (2πR)−1 ,

so that the length of the extra-dimension stays positive.
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5. Robustness of predictions

• Shifted inflation: (Jeannerot, Khalil, Lazarides, Shafi,  hep-ph/0002151)

Effective 2-field potential (SUSY):

                                         1 central + 2 parallel valleys 
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FIG. 15: Grid of initial conditions leading or not to infla-
tion, for the shifted potential with M = 0.1mpl, κ = 1, and
β = 0.1m−2

pl . Some trajectories in field space have been rep-
resented to identify where local maxima and minima are.

is to generate a sufficiently flat inflaton potential, pro-
tected by gauge symmetries because the inflaton field is
part of a gauge field. As a consequence, it is safe to con-
sider super-planckian values for the inflaton field. Be-
cause its potential is similar to the (smooth) hybrid one,
this model is also interesting to determine how generic
the properties of initial conditions observed for hybrid
inflation in the previous sections are, for different types
of models, originating from different high energy frame-
works.

2. The potential

In the simplest version of these models it is assumed
an effective 5-dimensional universe, one of the dimension
being compactified with a radius9 R. In the gauge infla-
tion model, a gauge symmetry is assumed together with a
gauge field (Aµ, A5). The inflaton field is proportional to
the phase θ of a Wilson loop wrapped around the com-
pact dimension θ =

∮

dx5A5. The full inflaton field is
constructed with the symmetry breaking scale f of the
gauge symmetry φ ≡ fθ. Its potential is flat at tree level

9 The effective 4-dimensional (reduced) Planck mass is related to
the 5-dimension Planck mass M5 by M2

pl = 2πRM3
5 .

but at one-loop, takes the form of an axion-like potential

V (φ) ∝
1

R4
cos(φ/f). (27)

The potential is protected from non-renormalizable
operators, suppressed by powers of 1/R, while non-
perturbative quantum gravity corrections can be sup-
pressed [44, 45]. Another motivation concerns the initial
homogeneity of the inflaton field, necessary for inflation
to start. Finally, since the inflaton is a phase, one can
show [42] that the probability to have a sufficiently ho-
mogeneous distribution of the field is quite large.

The “radion assisted” gauge inflation differs from stan-
dard gauge inflation by assuming a varying radius of the
extra-dimension R, around a central value R0. The “ra-
dion” field is defined by10 ψ ≡ (2πR)−1 and is subject to
a potential for which R0 is assumed to be the minimum
(for the late time stability of the extra-dimension). The
simplest way to implement this stabilization is to use a
Higgs-type potential for ψ. By expanding, at first order,
the potential of Eq. (27), and by adding the Higgs-type
sector, the full scalar potential reads [24]

V (φ, ψ) =
1

4

φ2

f2
ψ4 +

λ

4

(

ψ2 − ψ2
0

)2
. (28)

where ψ0 = (2πR0)−1. This potential is similar to the
hybrid potential discussed in the last section. It is flat
for ψ = 0 which corresponds to a global maxima. For a
given φ, the minima of the potential are located in the
valleys

〈ψ〉2 =
ψ2

0

1 + φ2/(λf2)
. (29)

More than 60 e-folds of inflation can occur in this throat.

3. Space of initial conditions

Regarding the allowed parameter space that can be
studied, since ψ is the inverse of the radius of an extra-
dimension and thus quantum gravity effects are expected
to dominate when the field gets larger than the five di-
mensional Planck mass. Thus superplanckian values of
ψ or ψ0 should not be taken into account if one doesn’t
consider the potential of Eq. (28) as a toy model. For the
first set of values of the parameters (ψ0 = 10−2mpl, f =
mpl, λ = 10−5), the grid of initial conditions is very sim-
ilar to the hybrid case, with a triangular unsuccessful

10 In our simulations below, we allowed the ψ field to take negative
values because the symmetries of the potential allow to redefine
the field as

|ψ| ≡ (2πR)−1 ,

so that the length of the extra-dimension stays positive.
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5. Robustness of predictions
• Radion assisted gauge inflation: 
(M. Fairbairn, L.Lopez-Honorez, M.Tytgat,  hep-ph/0302160)

Effective 2-field potential:

Super-planckian values allowed
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FIG. 16: Grid of initial conditions for radion potential, with
ψ0 = 10−2mpl, f = 1mpl, λ = 10−5.

region, and a generic successful inflation at larger values
of the fields (see Fig. 16 below).

Many successful trajectories also appear in the unsuc-
cessful area (type-C trajectories), for sufficiently small
values of λ. We observe a slightly higher successful area,
compared to the hybrid case: for φi, ψi < Mpl, more than
20% of the points are successful. Grids for different val-
ues of the parameter M show a behavior similar to the
hybrid model. However, varying λ is a major impact on
the amount of type-C trajectories as shown in Fig. 17.
Note that the transition between the successful and un-
successful region in Fig. 17 is less abrupt in this model.
This is because for large values of ψ and our choice of
f , the effective mass for the inflaton field is higher than
what was assumed in the original hybrid inflation case.
Therefore the rolling is not as slow and inflation requires
a larger variation of φ to produce the same number of
e-folds.

Our results on the proportion of successful initial con-
ditions for all models and all values of parameters studied
in this paper are summarized in the Tab. II below. For
comparison the results for the original hybrid model are
recalled.

From the different grids of initial values for the vari-
ous models studied in this paper, it is obvious that if we
don’t require that the fields are smaller than the reduced
Planck mass, the proportion of successful initial condi-
tions will tend toward 100%. Therefore, we have also
conducted the same quantification with the requirement
φi, ψi < 5mpl, given in Tab. III below. This quantifi-
cation has been computed only to give an information

FIG. 17: Grid of initial conditions for radion inflation for the
parameters of [24]: ψ0 = 10−2mpl, f = 1mpl, λ = 10−3.

about how fast the proportion of successful initial condi-
tions increases when the space of allowed initial values is
enlarged.

IV. CONCLUSIONS

Hybrid inflation is a class of models of inflation highly
motivated by high energy physics. In these models, the
inflaton field is assumed to be coupled to a Higgs-type
auxiliary field that ends inflation by instability, when
the Higgs-type field develops a non-vanishing expecta-
tion value. Two of its main well-know problems - the
blue spectrum of the non-supersymmetric version of the
model and the fine-tuning of the initial conditions of the
fields - are re-analyzed.

Firstly, we found that the original hybrid model can
generate a red spectrum by two means. The waterfall
ending inflation can take place in the large field phase,
or a constraint on the mass scale µ implies a violation
of the slow-roll conditions and ensure the non-existence
of the small field phase. In both cases, the spectral in-
dex generated is less than unity (see Fig. 3). It is worth
noticing that any value of the spectral index can be ac-
commodated by the model, including the best fit from
current data.

When considering the full two-field potential, it was
found [29–31] that the original model suffers from fine-
tuning of the initial values of the fields to generate a
sufficiently long inflationary phase. Indeed, the space
of successful inflation was thought to be composed of a

λ = 10−5, f = mpl, ψ0 = 10−2 mpl
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5. Robustness of predictions
• Radion assisted gauge inflation: 
(M. Fairbairn, L.Lopez-Honorez, M.Tytgat,  hep-ph/0302160)
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FIG. 16: Grid of initial conditions for radion potential, with
ψ0 = 10−2mpl, f = 1mpl, λ = 10−5.

region, and a generic successful inflation at larger values
of the fields (see Fig. 16 below).

Many successful trajectories also appear in the unsuc-
cessful area (type-C trajectories), for sufficiently small
values of λ. We observe a slightly higher successful area,
compared to the hybrid case: for φi, ψi < Mpl, more than
20% of the points are successful. Grids for different val-
ues of the parameter M show a behavior similar to the
hybrid model. However, varying λ is a major impact on
the amount of type-C trajectories as shown in Fig. 17.
Note that the transition between the successful and un-
successful region in Fig. 17 is less abrupt in this model.
This is because for large values of ψ and our choice of
f , the effective mass for the inflaton field is higher than
what was assumed in the original hybrid inflation case.
Therefore the rolling is not as slow and inflation requires
a larger variation of φ to produce the same number of
e-folds.

Our results on the proportion of successful initial con-
ditions for all models and all values of parameters studied
in this paper are summarized in the Tab. II below. For
comparison the results for the original hybrid model are
recalled.

From the different grids of initial values for the vari-
ous models studied in this paper, it is obvious that if we
don’t require that the fields are smaller than the reduced
Planck mass, the proportion of successful initial condi-
tions will tend toward 100%. Therefore, we have also
conducted the same quantification with the requirement
φi, ψi < 5mpl, given in Tab. III below. This quantifi-
cation has been computed only to give an information

FIG. 17: Grid of initial conditions for radion inflation for the
parameters of [24]: ψ0 = 10−2mpl, f = 1mpl, λ = 10−3.

about how fast the proportion of successful initial condi-
tions increases when the space of allowed initial values is
enlarged.

IV. CONCLUSIONS

Hybrid inflation is a class of models of inflation highly
motivated by high energy physics. In these models, the
inflaton field is assumed to be coupled to a Higgs-type
auxiliary field that ends inflation by instability, when
the Higgs-type field develops a non-vanishing expecta-
tion value. Two of its main well-know problems - the
blue spectrum of the non-supersymmetric version of the
model and the fine-tuning of the initial conditions of the
fields - are re-analyzed.

Firstly, we found that the original hybrid model can
generate a red spectrum by two means. The waterfall
ending inflation can take place in the large field phase,
or a constraint on the mass scale µ implies a violation
of the slow-roll conditions and ensure the non-existence
of the small field phase. In both cases, the spectral in-
dex generated is less than unity (see Fig. 3). It is worth
noticing that any value of the spectral index can be ac-
commodated by the model, including the best fit from
current data.

When considering the full two-field potential, it was
found [29–31] that the original model suffers from fine-
tuning of the initial values of the fields to generate a
sufficiently long inflationary phase. Indeed, the space
of successful inflation was thought to be composed of a

λ = 10−5, f = mpl, ψ0 = 10−2 mpl
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6. Fractal behaviour ?

• Fractal properties of  anamorphosis points:

✦ Structure with fractal boundaries ?

✦ Fractal Surface ?

✦ Convergence of  the area covered by    
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✦Box-Counting dimension 

✦ Can be numerically evaluated:   

 - N random initial conditions 

 - 3 trajectories for each point:  

 -          , fraction of  points ending in a different attractor/all successful

xn = (φn, ψn)

xn − ε, xn, xn + ε

f(ε)

D ≡ lim
ε→0

log N(ε)
log(1/ε)
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FIG. 6: 3D probability density for the fields, for MCMC on the fields only (left), including initial velocities (center), including
both initial velocities and parameters (right).
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Figure 1: r vs ns for the tree level hybrid inflationary potential, shown together with the
WMAP5+BAO+SN contours (68% and 95% confidence levels) [1]. Here the small (large)
dots correspond to N0 = 50 (N0 = 60).

perturbation constraint

∆R =
1

2
√

3π m3
P

V 3/2

|∂φV |
|φ=φ0

=
1√

6 η0 π m2
P

V 3/2

|∂eφV |
|eφ=eφ0

(6)

⇒ η0 =

(
1 + φ̃2

0

)3

24 π2 ∆2
R φ̃2

0

(
V0

m4
P

)
. (7)

In our calculations, we will use the value ∆R(k0) = 4.91 × 10−5 obtained by the recent
WMAP5 analysis for k0 = 0.002 Mpc−1 [1]. To leading order, the spectral index ns and
the tensor-to-scalar ratio r are given by

ns $ 1 − 6ε + 2η = 1 − 4 η0

(
φ̃2

0 − 1/2
)

(
φ̃2

0 + 1
)2 , (8)

r $ 16ε =
16 η0 φ̃2

0(
φ̃2

0 + 1
)2 = 4(1 − ns)

φ̃2
0

φ̃2
0 − 1/2

. (9)

Using the above equations, we show in Fig. 1 the predictions of the TLHI model along
with the WMAP5 1-σ and 2-σ bounds, and specify the range in which 50 < N0 < 60.
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F-term SUGRA model 

   - Simple and realistic model in (local) SUSY framework 
   - SUGRA corrections dominate radiative correction
   -  Only one potential parameter   M

   -  Slightly BLUE spectrum predicted:
      BUT:  this is the favoured case 
      if  cosmic strings formation is taken account
      BUT:  it can be RED due to domination of  radiative corrections 
      before reaching instability point in the valley

-    2 field potential:

- F-term + C.W. corrections: 

11

This tree level flat direction is lifted by two effects.
Firstly, radiative corrections are induced by the SUSY
breaking that supports inflation. In addition, if the
field values are close to the reduced Planck mass Mpl,
one should expect supergravity corrections S/Mpl to the
tree level potential. The radiative corrections along the
inflationary valley can be derived using the Coleman-
Weinberg formula [50]. They reduce to [12]

V cw
1−loop(s) =

κ4M4N
32π2

[

2 ln
s2κ2

Λ2
+ (z + 1)2 ln(1 + z−1)

+ (z − 1)2 ln(1 − z−1)
]

,

(21)

where z = s2/M2, N stands for the dimensionality of
the representations to which Φ± belong and Λ represents
a non-physical energy scale of renormalization. Realistic
values of N can be derived from the embedding of the
model in realistic SUSY Grand Unified Theories (GUT)
as shown in Ref. [23]. For example, in the case of an
embedding of the model in SUSY SO(10), Φ± belong
to the representation 16,16 or 126,126. However, as
pointed out in Ref. [51], it is possible that only some
components of Φ± take a mass correction of order M so
that effectively6 N = 2, 3. For the sake of generality, we
will assume that N can take values in the range [2, 126].
This model is also known to generically produce cosmic
strings at the end of inflation [23] and this imposes an
upper limit on the inflationary mass scale [49, 51, 52]

M ! 2 × 15 GeV, κ ! 7 × 10−7 126

N . (22)

Secondly, SUGRA corrections also contribute to lifting
the tree-level flat direction and will be taken into account
since the field values we are probing are not always negli-
gible compared to the Planck mass. It has been noticed in
Ref. [13] that the F-term hybrid inflation model doesn’t
suffer from the η-problem only when the Kähler potential
is (close to) minimal7

K # |S|2 + |Φ+|2 + |Φ−|2 , (23)

which is what we assume in the following. In terms of the
canonically normalized effective inflaton s and waterfall

6 This depends on the mass spectrum of the assumed GUT model.
7 We will restrict ourselves to minimal SUGRA corrections, ne-

glecting SUSY breaking soft terms and the non-renormalizable
corrections to the superpotential (see [48, 49, 51] for an analysis
of their effects).

fields ψ, the SUGRA corrected potential now reads

V sugra
tree (s, ψ) = κ2 exp

(

s2 + ψ2

2M2
pl

)

×
{

(

ψ2

4
− M2

)2
(

1 − s2

2M2
pl

+
s4

4M4
pl

)

+
s2ψ2

4

[

1 +
1

M2
pl

(

1

4
ψ2 − M2

)

]2 }

.

(24)

The dynamics along the inflationary valley is driven by
the radiative corrections and by the SUGRA corrections.
The radiative corrections play a major role in the last e-
folds of inflation (thereby generating the observable spec-
tral index), whereas most of the dynamics takes actually
place for field values dominated by the SUGRA correc-
tions. We have calculated the amplitudes for both correc-
tions and found that only at the end of the inflationary
potential (for s ∈ [M, 8M ] if N = 3 and s ∈ [M, 3.5M ] if
N = 126), the radiative corrections may dominate over
the SUGRA corrections. In the present work, the regions
of the parameter space leading to inflation do not depend
on the very last part of the field evolution: as soon as
60 e-folds are obtained, the initial conditions are consid-
ered successful and this generically occurs in the valley
at larger field values. Outside the inflationary valley, we
therefore expect the tree level dynamics to dominate over
the radiative corrections, especially for small coupling κ.
There also, in addition to the tree level, at large fields,
SUGRA corrections are expected to be important.

Resulting of these considerations, we have neglected
radiative corrections and used for our study below the
potential of Eq. (24).

B. Fractal initial field values

The analysis of the SUGRA F-term model of inflation
has been conducted along the lines described in Sec. II
and Sec. III. We have first verified that, at fixed potential
parameter M and vanishing initial velocities, the set of
initial field values S defined by Eq. (7) is two-dimensional
with a fractal boundary. In Fig. 12, we have represented
the set S of successful initial field values for the mass
scale M = 10−2mpl. Notice that the coupling constant
κ being an overall factor, it doesn’t impact the dynamics
of the fields. Our study is therefore valid for any value
of κ and of the dimensionality of the Higgs field N , since
the relationship M(κ) depends only on N .

For vanishing initial velocities, we have reported in Ta-
ble I the area occupied by the set S in the plane (si, ψi)
for various section along the potential parameter M . Like
for the original hybrid model, we recover a significant pro-
portion of successful initial field values outside the valley.
This result holds even for M % 1 though at small M, the
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upper limit on the inflationary mass scale [49, 51, 52]

M ! 2 × 15 GeV, κ ! 7 × 10−7 126

N . (22)

Secondly, SUGRA corrections also contribute to lifting
the tree-level flat direction and will be taken into account
since the field values we are probing are not always negli-
gible compared to the Planck mass. It has been noticed in
Ref. [13] that the F-term hybrid inflation model doesn’t
suffer from the η-problem only when the Kähler potential
is (close to) minimal7

K # |S|2 + |Φ+|2 + |Φ−|2 , (23)

which is what we assume in the following. In terms of the
canonically normalized effective inflaton s and waterfall

6 This depends on the mass spectrum of the assumed GUT model.
7 We will restrict ourselves to minimal SUGRA corrections, ne-

glecting SUSY breaking soft terms and the non-renormalizable
corrections to the superpotential (see [48, 49, 51] for an analysis
of their effects).

fields ψ, the SUGRA corrected potential now reads

V sugra
tree (s, ψ) = κ2 exp

(

s2 + ψ2

2M2
pl

)

×
{

(

ψ2

4
− M2

)2
(

1 − s2

2M2
pl

+
s4

4M4
pl

)

+
s2ψ2

4

[

1 +
1

M2
pl

(

1

4
ψ2 − M2

)

]2 }

.

(24)

The dynamics along the inflationary valley is driven by
the radiative corrections and by the SUGRA corrections.
The radiative corrections play a major role in the last e-
folds of inflation (thereby generating the observable spec-
tral index), whereas most of the dynamics takes actually
place for field values dominated by the SUGRA correc-
tions. We have calculated the amplitudes for both correc-
tions and found that only at the end of the inflationary
potential (for s ∈ [M, 8M ] if N = 3 and s ∈ [M, 3.5M ] if
N = 126), the radiative corrections may dominate over
the SUGRA corrections. In the present work, the regions
of the parameter space leading to inflation do not depend
on the very last part of the field evolution: as soon as
60 e-folds are obtained, the initial conditions are consid-
ered successful and this generically occurs in the valley
at larger field values. Outside the inflationary valley, we
therefore expect the tree level dynamics to dominate over
the radiative corrections, especially for small coupling κ.
There also, in addition to the tree level, at large fields,
SUGRA corrections are expected to be important.

Resulting of these considerations, we have neglected
radiative corrections and used for our study below the
potential of Eq. (24).

B. Fractal initial field values

The analysis of the SUGRA F-term model of inflation
has been conducted along the lines described in Sec. II
and Sec. III. We have first verified that, at fixed potential
parameter M and vanishing initial velocities, the set of
initial field values S defined by Eq. (7) is two-dimensional
with a fractal boundary. In Fig. 12, we have represented
the set S of successful initial field values for the mass
scale M = 10−2mpl. Notice that the coupling constant
κ being an overall factor, it doesn’t impact the dynamics
of the fields. Our study is therefore valid for any value
of κ and of the dimensionality of the Higgs field N , since
the relationship M(κ) depends only on N .

For vanishing initial velocities, we have reported in Ta-
ble I the area occupied by the set S in the plane (si, ψi)
for various section along the potential parameter M . Like
for the original hybrid model, we recover a significant pro-
portion of successful initial field values outside the valley.
This result holds even for M % 1 though at small M, the
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FIG. 12: Set of initial field values (ψi/Mpl, si/Mpl) for the
SUGRA F-term model leading to more than 60 e-folds of in-
flation (dark red). The initial field velocities are assumed to
vanish and the potential parameter is fixed at M = 10−2mpl.
As for the original hybrid model, we recover a set of dimension
two with a fractal boundary.

Values of M Area of S (%)

M = 10−1 mpl 0 (exact)

M = 10−2 mpl 12.9 ± 0.1

M = 10−3mpl 12.0 ± 0.3

M = 10−4mpl 10.3 ± 0.5

TABLE I: Percentage of successful initial field values, at van-
ishing initial velocities, for various values of the potential pa-
rameter M . The error bars come from the finite numerical
precision, which decreases with M .

potential becomes very flat and the number of oscilla-
tions of the system before being trapped in the inflation-
ary valley can exceed 103. Simulations become therefore
more time-consuming and error-bars in Tab. I increase.
Reducing M also reduces the typical size of structures in
the plane (si, ψi), which evolves from Fig. 12 to a more
intricated space of thinner successfull IC. As suggested
by the Tab. I, we will see below that this doesn’t affect
the probability of getting inflation by starting the field
evolution outside the valley.

Concerning the fractal properties of S, we have ap-
plied the same method as in Sec. II E 1 to compute the
box-counting dimensions of S and its boundary. As ex-
pected, we recover that S is of box-counting dimension
two whereas the function f(ε) for its boundary is repre-
sented in Fig. 13. We obtain that, as in the non-SUSY
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!0.5

0.0

log Ε
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FIG. 13: Fraction of initial field values in a δ-sized box
intercepting the set S as a function of δ for the SUGRA
F-term model. The potential parameter has been fixed to
M = 10−2mpl. The box-counting dimension of boundary of
S is given by the power law behaviour for small δ and found
to be DB ! 1.5.
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FIG. 14: Marginalised posterior probability distributions for
the initial field values (upper panels) and the initial velocities,
modulus v and angle θ. The F-SUGRA inflationary valley
has a slightly higher probability density around ψ = 0 but is
extremely localised: as a result, inflation is more probable by
starting out of the valley.

case, the boundaries are fractal with dimension

DB ! 1.5 . (25)

These results allow us to use the usual Lebesgues mea-
sure to define the probability distribution over the whole
parameter space.

C. MCMC on the initial field values, velocities and
the potential parameter

As already mentioned, there is only one potential pa-
rameter M in F-term SUGRA model that may influence
the two field dynamics. The goal of this section is to
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