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Outline of lectures (1/2)

The world's shortest introduction to General Relativity

The linearized Einstein equations and the degrees of
freedom of General Relativity

Gravitational waves in linearized gravity and the
quadrupole formula

Gravitational waves in the geometric optics regime and
their stress energy tensor

A detector's response to gravitational waves




Outline of lectures (2/2)

GW detectors and their sources

(A little about) matched filtering and parameter
estimation

Source modelling:

- Numerical relativity in a nutshell: 3+1 form of the
Einstein equations

- Analytic approximations: The Post-Newtonian
expansion, the self-force formalism, the effective one-
body model

Fundamental physics, astrophysics and cosmology
with gravitational-wave detectors: a few examples
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General Relativity: a description of gravity

Newtonian mechanics (v<< c and weak gravitational fields M/r <<
c?): gravity is a force

- Gravitational potentials satisfies Poisson's equation (aka
Newton's law of gravitation): V’¢=4nGp

- Motion described by 3 laws of Newtonian mechanics and
namely F=ma

Special relativity generalizes Newtonian mechanics (but not
Newton's law of gravitation) to v ~ ¢ by requiring that speed of
light be the same and finite in all inertial reference systems (cf
Michelson-Morley experiment!) m===>

Minkoswki metric d s*=n,,d x"dx"=—c’dt’+dx’+dy’+ dz’

General relativity generalizes Newton's law of gravitation to
v ~ ¢ and strong gravitational fields, but gravity is not a force any
more!




General Relativity in a nutshell (1/5)

Gravity is not a force, but geometrical effect encoded in 4D metric
ds’=g, dx"dx"

Metric measures "distance” between events x'=(c¢,x, y,z) and
xy=(ct,x,y,z),is symmetric, has signature Lorentz signature (-,+,+,+

Particles move along lines that minimize distance (geodesics)

w . a v_
W dx ="V =0 V,u"'=0,u"+T" u“u"'=0

6117» gwu“uvz —1 (particles with mass)

[e=58"(0,800+ 0.8 o= 0o &) g u'u"=0 (ightrays)

u

General covariance: equations of motion take same form in any
coordinate system (because defined in terms of spacetime geometry)

In locally flat coordinates near moving particle (ie free-falling frame),
g,,="M,,+O0(x)’ === non-gravitational law of physics reduce to special
relativity, and gravitational forces disappear (cf free-falling spacecraft in
Newtonian gravity)




General Relativity in a nutshell (2/5)

Geodesic motion generalizes Newtonian/special relativistic
mechanics, but how do we choose the metric, ie how do we
generalize Poisson's equation?

Requirements for generalization
1) Must reduce to Poisson equation for v<<c and weak fields

2) General covariance: equation for the gravitational field must
be the same in all coordinate systems (must be defined in
terms of 4D tensors)

3) Gravity described by metric alone (eg no gravitational
scalars)

4) Possion equation is linear and second order in the
derivatives of ¢ : look for simplest equation that is linear in
2" derivatives of metric and satisfies first 3 conditions

m=m)> Einstein equations




( General Relativity in a nutshell (3/5)

. . . 8nGT,,
The Einstein equations GW=RW—%R g =
C

(87 J— a (87 v « v 8 i
Rﬁw = Fﬁé,fy — Fﬁ%é + F55FV’Y — Fﬁfyrud (Riemann tensor)

Raﬁ — Rz’}’ﬁ (RICCI tenSOr) R p— gaﬁRaﬁ (RICCI Scalar)
EI'lEI‘E:}T EI'lEI‘gj,-'
density flux

- Stress-energy tensor T"" describes |?L| T ?‘, 7]
matter content of spacetime, A2
¢ foct fluid 7 . . Lol T

T = !
eg for perfect flui p+plu'u’+pg T || T N T
Do)l Ty 1o T33J_

momentum momentum

density flux

N e = T
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. General Relativity in a nutshell (4/5)

SnGT,,
Bianchi identity V,G"'=0 + GMZRW—%RgWZ —

C
> V., T""=0

* 4 independent components: conservation of energy and linear
momentum

» For a perfect fluid, energy conservation and Euler equation

. __(g"+u'u’)o,p
I u'0,p=—(p+p)V,u == p+p
» For dust (p=0) we get the geodesic equation. Same if we use
stress energy tensor for a single particle

Equations of motion of matter follow from Einstein equations

N—— eSS ———




General Relativity in a nutshell (5/5)

The stress energy tensor of a point particle

Smak = —mc/ds.

B s — [ mc | dz® dzP 3

2 5Smat / 4 5Smat
T”V — 5Sma g] — d X 6 v I 3
| V=9 09 a2 0 gy () Ty (2]
T = me—Y_ 53z — ()
ud\/—g

N e = —




The degrees of freedom of GR

4D metric has 10 independent components vs 1 potential of
Newtonian theory. What are the other degrees of freedom?

Let's consider linear perturbations over Minkoskwi
background metric, ie g.,=M.vt 4, , with |5 |<1 and|T, |« 1

(from now on, G=c=17)

If 7,,.h,,—0 as r—o  most general decomposition is

hie =29, 00 =0
hii = B; + 0y, Se; =0
1 1 o;hET =0
L —pTT | Z s, . T YA v 110

hij = h’z'j + SH(SU +8(Zsj) + (BZBJ 35ZJV ) A, 5ijh;.l;.T 0
0,5, =0,

=0 9 0
Ty = Si+ 85, i =

1 005 =0,
Tz'j = P(SZJ + 035 + 8(1'0'_7‘) + (azaj — 5513v2> g, 5ij0'ij =0




Gauge transformations

Physics does not depend on choice of coordinates, ie we
are free to use any coordinate system
Metric and stress energy transform as

. o Ox* o oxP . ~ . NG E AN R
BB =g () (DZ(5) Tyul®)=Tel) 25 (0 22 3

For a "small” coordinate change x'=x"+g", [«

~/

h,,=h,,—0,8,— 0,8, r.-=r,-¢9o,T,,—0,8"T,,—0,E"T,,

Decomposing (&,¢) = (A, B; + 0;,C) , the metric transforms as

¢ = ¢_; A = A—2C.
/31' — /31'— z',' g — Ei—QBi,
T o - A-C, pbTT _,  pTT
H — H-2V%C, W o




The Poisson gauge

» Defined O.h"=0 K =0 ] y=A=¢=0

htt =2¢,

—ﬁﬁ-/(

hij = hit + - H5m+@/+ (aa/{/v))\,

* Equivalent to using gauge invariant combinations

1.
¢ = _¢+;}1_§Aa
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The linearized Einstein equations

T, —
sz—v2e, tt =P,

1 . Ty = Si+ 0iS,
Gy = — —VQE@' — 0,0, 1 9

2 T@j — P(Sij + Oij + 6(?;05,-) + 6163 - g(Sr,;jV g,

1 .
Gij = — §|:Ih;_I‘jT — 04iEj) — 6 0; (2@ + 9) org

=P,
1 ;
+ 85 [§V2 (20 + ©) —6] . Vi = — §p+ 35, (from 8, T""=0)
Vzaz- — 25’@ .

| V0 = —8mp,
V2 =47r(p—|—3P—35’) |
VZE' — —].671'5:,;,
DhiTjT = — 1671'0'?;5; .

N e = —
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The linearized Einstein equations

i = _Y2e, | ? :;+ &S,
G = —5V'Ei~ 80, T; = Pbij + 04 + 040 + (aiaj - %5,-jv2) ,
Gij = — %DhiTjT — 0uEj) — ('? 0; (2@ + 9) V5 = ;
+ i Evz(zqw@)—é] . U2, — _§P+§5, (from 8, T"'=0)
Vio; = 28; .
| V0 = —8mp,
V20 =drx (p + 3P — 35’) === h,, generalizes Newtonian potential
V4E;, = — 1678, ,
Oh;:" = — 16m0;; .

N e = T




The linearized Einstein equations

T, =
Gtt — - V2@ y * P;
1 ‘ Ty = Si + 05,
Gy = — —VQE@' — 0,0, 1 9
% ) T@j = P(Sij —+ Oij + a(ng'j) —+ 8183 — g&,;jv ag,
Gij = — §Dh}"jT — 065 — 500 (22 +0) ;
1 Vi§ =p,
+ di; [§V2(2<1>-|—6)—6] . V2o — _§p+§5", (from 8, T""=0)
Vzaz- — 25’?; .
| V0 = —8mp, = k., appears at 1PN order, ie suppressed by (v/c)’

V20 =drx (p + 3P — 35’) === h,, generalizes Newtonian potential

VZE{, = — 1671'53 ,
Dh;-g—T = — 1671'0'?;_?' :
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The linearized Einstein equations

Ty = p,
Gy = — V20,
R | Ty = Si+ 8,9,
Gy = — —VQEq; — 0,0, 1 9
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V*E; = —167S; , === h,,appears at 1PN order, ie suppressed by (v/ 0)2
TT




The linearized Einstein equations

T, =
Gtt — - Vz(-) y g P
1 . Ty = Si + 0iS
Gy = — —VQE@; — 0,0, 1 9
2 T@j = P(S»,;j + Oij + 8(2-05,-) + 8283 — g&,;jv g,
1 : 1
Gij = — —Elh,iTjT — O(QEJ) — —07;09- (2(1) + @)
2 , 2 VQS — ﬁ’,
+ i [§V2(2¢+9)—9] : V2 — _§p+§5, (from 8, T""=0)
VZO'@' = 25-'7; .
V20 = —8mp, = k., appears at 1PN order, ie suppressed by (v/c)’

V2® =dr (p + 3P — 35’) c—==> h,, generalizes Newtonian potential
V?E;, = —167S; , =—> h,,appears at 1PN order, ie suppressed by (v/ 0)2
TT _ -
appears at 2PN (conservative part) and 2.5PN order (dissipative part)
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1PN effects observed for a century!

Guide star L ;

IM Pegasi ©)
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, Geodetic eff
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(0.0018 degreeslyear)
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1 91 9 during the eclipse -
\ Measured Predicted
Geodetic precession 6602 + 18 6606
> (mas)
Real position Frame-dragging 372+7.2 39.2
{ same as the observed position (mas)

when there & no eclipse)

The Sun during
an eclipse

Credit: Jose Wudka e — e




" How about hTT? ﬂ

Gravitational waves!
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( The generation of GWSs

Dh;g—T = — 1671'0'@'
G(t,x) = ot —|=l), OG(t,z) = 6(t)0 (),

47| x|
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z —
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N e -




The generation of GWs

1
hi; = —16n0" 03 = —16x0"" (PfP; — §Pijpkl) Tk
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The generation of GWs

From stress-energy tensor conservation:

| 07 (T“xixj) = 00} (Tkla:ixj) — 20k (Tikxj + T""jaf;i) 4+ 97

1 C
% d3.’1§" Tz — % d3 / 18,32 (Tttmlix!j) 1 ak (Tik‘x!j 1 Tijlz) __6k6l (Tklmlzxfﬂ)]
r 7o 2 2

2 w 2 0° . 2d°I;;(t—r)
S d3 /1 a2 Ttt 13,19 _ 27 3 ./ Ity — - 1]
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The quadrupole formula, finally!

4 1
i iyl
hi; ~ — (prj — ipijpkl) / T;i(t —r,z')d3’

r
2d2fk;(t—?") I 1 il G
= az | P Pu(m) = S Pu()Py(n)] —
1
Pij = 6ij —minj  Ti; = Lij — 3041,
Quadrupole tensor small
number!

I?,’I, .

I;;(t) = [d3x’p(t, x') a2 I

N e = T




Not a rigorous procedure

We have still started from linerized theory over Minkowski

This implies that stress energy tensor is conserved wrt to
Minkowski metric ...

... and is used to go from "Green formula” to "quadrupole
formula”

This is inconsistent as binary system in GW-dominated regimes
does NOT move on Minkowski geodesics (i.e. straight lines)

Exercise: compute GWs from Green formula for a system of
two unequal masses on Keplerian orbits one around the other
and verify that the GW amplitudes differ by a factor 2 (assume
propagation along z axis)

Which one is correct? Quadrupole or Green?

One would expect Green, but actually the quadrupole formula is
the correct one




	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25

