
The Era of Gravitational Wave Astonromy, IAP                Paris, June 2017

Gravitational waves from 
compact binaries in scalar-
tensor gravity to 2PN order

Anna Heffernan
Collaborators: 
Laura Bernard,
Ryan Lang,
Cliff Will.



Outline

❖ Scalar-Tensor Gravity

❖ Motivation

❖ To-date

❖ Landau-Lifshitz Formalism

❖ Direct Integration of Relaxed Einstein Equations (DIRE)

❖ To-do



Scalar-Tensor Gravity
❖ Alternate theory of gravity (ATG)

❖ Alternative to Newtonian:

Nordström: General Relativity:

❖ Alternative to GR: 

❖ Supported by same experimental evidence: Whitehead, Scalar-Tensor.

❖ Seeks to explain recent observations / issues: (super)String Theory, f(R), etc.

❖ Variable gravitational “constant” => Scalar field(s),

❖ Obeys Einstein’s Equivalence principle

❖ Violates the Strong Equivalence Principle
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❖ Seek to verify / constrain / discard ATG’s

❖ Current Testing

❖ Why Scalar Tensor?

❖ One of the simplest variations of GR

❖ Encapsulates some of F(R) and Superstring theories

❖ Warning

❖ Hawking Theorem - GR and ST black hole binaries indistinguishable

❖ General argument for small differences expected at every PN order :(

Motivation

Credit: Sky & TelescopeCredit: NASA Jet Propulsion Laboratory PRL116.061102

PRL116.221101

❖ New tool      Gravitational Wave Astronomy



To date …
❖ Necessary Ingredients:

❖ EOM (Mirshekeri & Will 2013: 2.5PN)

❖ Tensor gravitational waves and tensorial energy flux 2PN 
(Lang 2014: 2PN)

❖ Scalar gravitational waves and scalar energy flux (Lang 2015: 
1.5PN and 1PN respectively)

❖ Ready to use waveforms (Sennett, Marsat, Buonanno 2016: 
incomplete 2PN)

❖ Culprit: Non-vanishing scalar dipole moment:
 =  �1/2 + 0 + 1/2 + 1 + 3/2,

) Ė = Ė�1 + Ė0 + Ė1/2 + Ė1.ĖS /  ̇2
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)We require  n+1/2 for Ėn,

) We require EOM(n+1) for  n+1/2.



Landau-Lifshitz Formalism
❖ Field equations:

❖ Wave equations:

❖ Integration of wave equations via flat Green function:
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Direct Integration of Relaxed Einstein Equations
❖ Zones: Near zone, wave zone
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❖ Near zone field, wave zone field point

Credit: Gravity, Poisson&Will
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Direct Integration of Relaxed Einstein Equations
❖ Near zone field, 

near zone field 
point

Credit: Gravity, Poisson&Will
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❖ Far zone field

Credit: Gravity, Poisson&Will
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❖ Solve simultaneously for source terms            and fields

❖ Stress energy tensor

Direct Integration of Relaxed Einstein Equations

Flat metric
g↵� ⇡ ⌘↵�

Solve for next +0.5PN field terms
(g↵�(n+1/2), s(n+1/2))

Calculate 0PN source term
⌧00 =

�

�0
+O (✏⇢) ,

⌧0a = ⌧ab = ⌧aa = O (✏⇢) ,

⌧s = G⇣�s +O (✏⇢) .

  Add perturbation to fields  
g↵�(n+1/2) = g↵�(n) + ✏n+1/2h↵�

(n+1/2)

 s(n+1/2) =  s(n) + ✏n+1/2 s(n+1/2)

Calculate next +0.5PN source terms
(⌧↵�(n+1/2), ⌧s(n+1/2))

(⌧↵� , ⌧s) (g↵� , )

3PN

� ⌘ T 00 + T ii,

�a ⌘ T 0a,

�ab ⌘ T ab,

�s ⌘ �T + 2 
@T

@ 
.

T

↵� = ⇢ ⇤ (�g)�1/2
u

↵
u

�(u0)�1
, ⇢⇤ =

X

A

mA�
3(x� xA),

) T

↵� = ⇢ ⇤ (�g)�1/2
v

↵
v

�
u

0 [1 + S(s; )]

� = ⇢ ⇤ (�g)�1/2u0(1 + v2) [1 + S(s; )] , �a = ⇢ ⇤ (�g)�1/2u0va [1 + S(s; )] ,

�ab = ⇢ ⇤ (�g)�1/2u0vavb [1 + S(s; )] , �s = ⇢ ⇤ (�g)�1/2(u0)�1 [1� 2s+ Ss(s; )] .

S(s; ) =✏ s+
1

4
✏2 2 (2as � s) +

1

24
✏3 3 (�6as + 3s+ 4bs)

+
1

192
✏4 4 (30as � 15s� 20bs + 24cs) +O �

✏5
�
,

Ss(s; ) =� 2✏ ( as)� ✏2 2bs � ✏3 3cs +O �
✏4
�

as ⌘ s2 + s0 � 1

2
s,

bs ⌘ a0s � as � sas,

cs ⌘
1

3
(b0s � 2bs � sbs) .

sA ⌘
✓
d lnMA(�)

d ln�

◆

0



In progress …
❖ Use source terms to calculate multipole moments

❖ Terms like       require 3PN equations of motion

❖ Tricky in Will, Wiseman &Pati

...
I

Solution: Laura Bernard!
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To-do
❖ 3 PN EOM (Laura Bernard et al.)

❖ Multipole moments (us) } Scalar Waves

Energy FluxFeed into ready to use waveforms
(Sennett et al.)

2PN scalar tensor templates for LIGO data analysis


