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BipoSH: Natural generalization of Cl 
Bipolar Spherical Harmonic representation  

Bipolar spherical harmonics. 

Linear combination of off-diagonal elements 
BipoSH provide complete representation of  SH space correlation matrix 
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maps do not reflect SI symmetry simply due to practical
considerations such as the incomplete sky accessible, ex-
perimental beam non-circularity, or, known SI violation ef-2520
fects such as weak lensing due to LSS and Doppler boost,
or, yet unknown inherent violation of cosmological princi-
ple. To allow a direct connection to the angular power, we
further introduce a set of BipoSH spectra at every bipolar
harmonic moment, (L, M), labelled by a di�erence index d,2525
defined as follows,

ALM
¸¸+d = ÃLM

¸¸+d

�L

�¸(¸+d)CL0
¸0(¸+d)0

, (0 Æ d Æ L) , (74)

where CLM
¸
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are the Clebsch-Gordon coe�cients and for
brevity the notation �¸

1

¸
2

..¸
n

=
rn

i=1


(2¸i + 1). BipoSH
spectra, clearly, are simply generalised set of CMB angular2530
power spectra with the standard CMB angular power spec-
trum C¸ = A00

¸¸ being one of them.While A00
¸¸ quantifies the

statistical properties of the isotropic part of CMB fluctu-
ations, rest of the BipoSH coe�cients quantify the statis-
tically anisotropic part of the CMB two point correlation2535
function. The BipoSH spectra, as defined in Eq. 74 restricts
one to working with only even parity BipoSH coe�cients (
L+d is even) due to the vanishing CL0

¸0¸+d0 otherwise. While
most known isotropy violating phenomena like weak lens-
ing, Doppler boost, non-circular beams (beams with ellip-2540
tical beam sensitivity contours) etc. can only produce even
parity BipoSH spectra, measurement of odd parity BipoSH
spectra can be used to test for systematic e�ects as they
are expected to be consistent with zero or signify exotic
e�ects such as lensing of CMB photons by tensor metric2545
perturbations (?).

BipoSH spectra evaluated from Planck temperature anisotropy
maps
In the early days of low signal to noise CMB anisotropy
measurements, when the underlying cosmological model2550
was less constrained, it was common to make estimates
of the r.m.s. power in the CMB fluctuation over multi-
pole bins. These flat-band power estimates were inherently
model independent quantification of the rms CMB angular
power spectrum. In a similar spirit, in the absence of spe-2555
cific known forms SI violation, it is useful to estimate the
flat-band power BipoSH spectra ALM

¸¸+d over bands of mul-
tipoles. In case there are hints of non-zero power in any
BipoSH spectra band, the relevant L, M bipolar index and
¸-multipole band provide very valuable clues to the origin of2560
the signal and suggest models that can better capture the
underlying SI violation signal. When carried out for ob-
served CMB maps at distinct frequencies, the chromaticity
of the signal is an important discriminator between system-
atic and cosmological origin of a measure violation. A case2565
to the point is the detection of inadequately modelled beam
distortion e�ects in WMAP-7 year results were first noted
as very significant non-zero detections of band power in
the A20

¸¸ and A20
¸¸+2 BipoSH spectra in ecliptic coordinates.

Variations in the signal at W and V band were suggested a2570
systematic e�ect. The relative shape and amplitude of the
two spectra determined to be largely given by the di�erence
in beam widths at those frequencies.

Planck 2013 results revealed a significant unexplained
dipolar modulation signal. Dipolar (L = 1) SI violation is2575

captured by the lone d = 1 BipoSH spectra for the each
of Bipolar harmonic mode )M = 0, ±1 . Motivated by the
dipolar modulation signal seen at low multipoles we eval-
uate the BipoSH spectrum A10

¸¸+1. in cordite aligned with
the inferred direction of the modulation dipole. 2580

Fig. 54 plots the band power estimates A10
¸¸+1 as evalu-

ated in a coordinate system with its z-axis pointing t along
galactic coordinate (l, b) = (224¶

, ≠22¶) corresponding to
the suggested direction of dipolar modulation in Planck
2013. The BipoSH spectra do show mild deviation from 2585
zero in the multipole range ¸ œ {2, 64} and also in the
multipole range ¸ œ {128, 196} of marginal 2‡ significance.
We have purposefully chosen large multipole bins to sup-
press any correlations across multipole bins which could
arise due to masking of the CMB sky. Due to choice of coor- 2590
dinates aligned in the known dipolar modulation direction,
the M = ±1 BipoSH spectra are found to be consistent
with zero to within 1‡.

Search for modulation in the CMB sky
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Planck&2014&Data&used&

!  Frequency&maps&have&been&processed&by&4&different&component&
separa7on&methods&[NILC,SEVEM,SMICA]&to&obtain&4&CMB&
maps,&in&order&to&test&the&robustness&of&results&wrt&foreground&
cleaning.&

!  &&SEVEM&mul7Nfrequency&maps&:&100&,&143&and&227&GHz&used&&
!  A&common&mask&is&used&including&both&Galac7c&plane&and&point&

source&masking.&The&corresponding&fsky&is&~77%&at&full&
resolu7on.&

!  Appropriate&companion&sets&of&realis7c&simula7ons&has&been&
produced&and&analyzed&in&the&same&way&as&the&real&data.&&

!  &In&order&to&assess&significance&we&use&the&pNvalue,&defined&as&
the&probability&to&obtain&a&value&for&a&test&sta7s7cs&from&a&set&of&
simula7ons&as&extreme&as&for&the&real&data.&&
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BipoSH: Natural generalization of Cl 
Bipolar Spherical Harmonic representation  

A&complete&representa7on&of&twoNpoint&correla7on&
! &Modula7on&of&CMB&map:&

! Modula7on&of&variance&&
&
&
(cumula7ve&BipoSH&spectra)&

&
! &Doppler&boost:&
&(known&guaranteed&signal)&

&
&

Amir Hajian & Souradeep 2003 
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Doppler boost in terms of BipoSH coe�cients is,2725

A1M
¸

1

¸
2

= Ā1M
¸

1

¸
2

+ —1M G1
¸

1

¸
2

, (79)
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where —1M =
s

dnY1M (n)—·n, — = v/c denotes the peculiar
velocity of our local rest frame with respect to the CMB,
and b‹ is the frequency dependent boost factor, as discussed
in more detail in Planck Collaboration XXVII (2014). We
perform our analysis on SEVEM frequency cleaned maps2730
at 217Ghz, 143Ghz and 100Ghz using a value of b‹ corre-
sponding to each frequency chanel.

A minimum variance estimator for —1M is given by the
expression in Appendix F, with the shape function GL

¸
1

¸
2

replaced by the corresponding Doppler boost term given in2735
Eq. 79.

Figure 60 presents a comparative study of the sensitivity
of the two estimators, Doppler and modulation, and depicts
the reconstruction noise for the two estimators as a function
of the maximum CMB multipole used. The horizontal red2740
dash-dotted line at |—| = 1.23 ◊ 10≠3 denotes the expected
value of the Doppler signal induced by our local motion.
The blue dash-dotted line denotes the Doppler boost signal
as seen by the modulation estimator and is expected to be
enhanced by an e�ective factor of b‹ for the component2745
separated maps.

For the case of the modulation estimator, it is seen that
the Doppler boost is not expected to significantly contam-
inate the modulation signal up to ¸max ƒ 700, establishing

the fact that the boost e�ect corresponding to our local 2750
motion is not strong enough to a�ect the modulation sig-
nal seen at low CMB multipoles. However, it is expected to
significantly add to the modulation signal at higher CMB
multipoles.

Fig. 60 also clearly shows that the Doppler estimator 2755
is expected to recover the Doppler boost signal at a high
significance. The figure also establishes that at ¸ . 500, the
local motion contribution is not detectable in the Doppler
boost search, and hence the signal measured by the Doppler
estimator in the range ¸ œ {2, 64}, depicted in Fig. ??, is 2760
expected to be linked to the modulation signal seen at low
CMB multipoles.

Doppler signal estimation from masked sky

Since the Doppler boost signal has a frequency dependence,
we perform our analysis on SEVEM frequency cleaned maps 2765
available at 217Ghz, 143Ghz and 100Ghz from DX11v2
data set. We use b‹ = 3.07, 1.96, 1.51, respectively for each
of the three frequency maps. To complement these data,
SEVEM frequency specific CMB and noise Monte Carlo
realizations were used. Since 217 GHz channel has higher 2770
angular resolution and better noise properties, it is better
suited to detect the Doppler boost signal than 143Ghz and
100GHz frequency maps. Noise properties of 217Ghz chan-
nel are comparable to that of component seperated maps. It
is expected that ¸max < 100 multipole modes are dominated 2775
by the anomalous dipolar modulation of CMB. So, we use
multipole bins with fixed ¸max = 1280 and and vary ¸min

from 2 to 512 making increments in steps of �¸min = 128.
We fix ¸max = 1280, as at high ¸ there is a mismatch be-
tween data power spectrum and simulation power spectrum 2780
which is a concern for bias subtraction while reconstruct-
ing the Doppler field. We use the apodized DX11v2 com-
mon mask, which is a union of all the individual component

Fig. 59. Measured dipole modulation (L = 1) power in CMB
multipole bins. This uses the CMB multipole dependence of the
BipoSH (modulation) power L(L + 1)m

L

/2fi, which can be dis-
sected into cumulative bins in ¸-space. We depict the power in
the dipole modulation field with varying ¸

min

starting from ¸ = 2
making increments in steps of �¸ = 64 up to ¸

max

= 1280.
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In this section, we study a generalization of the dipo-2595
lar modulation field analysed in Sect. ??. A simple phe-
nomenological model that results in the violation of statis-
tical isotropy arises from the modulation of the CMB sky,

T (n) = T0(n) (1 + M(n)) , (75)2600

where T (n) represents the modulated CMB sky, T0(n) is
the underlying (statistically isotropic) random CMB sky
and M(n) is a fixed, zero-mean, dimensionless, modulation
field. The modulation signal, if any, is expected to be weak
and allows quadratic terms in M to be neglected. The Bi-2605
poSH coe�cients for the modulated CMB field (L > 0) are
then given by

ALM
¸

1

¸
2

= ĀLM
¸

1

¸
2

+ mLM GL
¸

1

¸
2

;

GL
¸

1

¸
2

= C¸
1

+ C¸
2Ô

4fi

Û
(2¸1 + 1)(2¸2 + 1)

(2L + 1) CL0
¸

1

0¸
2

0 . (76)

Here ĀLM
¸

1

¸
2

corresponds to the BipoSH coe�cients of the un-2610
known, but statistically isotropic, unmodulated CMB field,
mLM are the spherical harmonic coe�cients of the modu-
lating field (L > 0), and C¸ is the best-fit CMB angular
power spectrum. The statistically isotropic nature of the
unmodulated CMB sky implies that the expectation values2615
of ĀLM

¸
1

¸
2

vanish for L > 0, leading to the estimator for the
modulation field harmonics,

m̂LM =
ÿ

¸
1

¸
2

wL
¸

1

¸
2

ÂLM
¸

1

¸
2

GL
¸

1

¸
2

, (77)

denoted by the overhat (Hanson & Lewis 2009). The
weights wL

¸
1

¸
2

for a minimum variance estimate for the mod-2620
ulation field correspond to

wL
¸

1

¸
2

= N

A
GL

¸
1

¸
2

‡ALM

¸

1

¸

2

B2

, (78)

where N is a normalization chosen such that
q

¸
1

¸
2

wL
¸

1

¸
2

=
1. The BipoSH representation further enables an estimate
of the modulation field to be made over specific angular2625
scales by windowing regions in multipole space in the sum
over multipoles ¸1, ¸2 in Eq. 77. This additional information
could be very useful in identifying the origin of the statis-
tical isotropy violation, which could be either cosmological
or due to systematic artefacts.2630

We carry out the analysis for Nside = 2048 component
separated CMB maps and reconstruct the modulation sig-
nal in independent bins of �¸ = 64 up to ¸max = 1280.
We apply DX11v2 common mask, which introduces a mean
field bias in the BipoSH coe�cients derived from data. This2635
bias is estimated from FFP8 simulations and subtracted
from these coe�cients. The process of masking induces cou-
pling between modulation field and the mask that results
in modifying the spectral shape of the underlying SI viola-
tion signal, referred to as Modified Shape Function (MSF)2640
(see Appendix F for details). Further, the covariance of the
bias subtracted BipoSH coe�cients is not easily derivable,
analytically, in case of a masked sky. To overcome this prob-
lem we make a diagonal approximation of this covariance

Fig. 55. Measured dipole modulation (L = 1) power in CMB
multipole bins. This uses the CMB multipole dependence of the
BipoSH (modulation) power L(L + 1)m

L

/2fi, which can be dis-
sected into bins in ¸-space in the steps on �¸ = 64. We establish
that significant power in the dipole modulation is limited to
¸ = 2–64 and does not extend to the higher CMB multipoles
considered.

matrix and estimate it from simulations. The BipoSH rep- 2645
resentation of modulation confirms that the dipole modu-
lation signal is significant only in the lowest multipole win-
dow ¸ œ {2, 64}. Amplitude (A) and direction of the dipole
modulation quoted in table ?? corresponds to the lowest
multipole window ¸ œ {2, 64}. The power mL is related 2650
to the dipole amplitude by A = 1.5


m1/fi. Contrary to

our expectations based on a scale-independent (i.e., no ¸-
dependence) model, the strength of the modulation dipole
signal is significant only for the first independent multi-
pole window ¸ œ {2, 64}.As seen in Fig. 55, we recover the 2655
dipole modulation at high significance only for the lowest
bin (¸ = 2–64), which is consistent with the results pre-
sented in Sect. ??. The significance as well the strength of
the modulation signal falls o� for higher independent mul-
tipole windows, 2660

However, the amplitude of the dipole is consistent with
zero within 3 ‡ for all of the higher ¸-bins considered. This
suggests that the simple modulation model in Eq. 75 is
inadequate and should minimally allow for the amplitude,
A(¸), of the dipole to depend on CMB multipole, ¸. 2665

Although this may appear to be a more complex model,
it does not necessarily lack motivation. It is readily conceiv-
able that physical mechanisms that cause a dipolar modula-
tion of the random CMB sky would be scale-dependent and
possibly significant only at low wavenumbers. More impor- 2670
tantly, such a dipole modulation has also been noted in low
resolution WMAP data (Eriksen et al. 2007; Hoftuft et al.
2009). More recently, Bennett et al. (2011b) also comment
(without being quantitative) that the e�ect is present in the
WMAP maps, but limited to low ¸ and conclude that the ¸- 2675
dependence rules out a simple modulation explanation. The
fact that two independent experiments find this intriguing
statistical isotropy violation points to a non-instrumental
origin.
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Modulation model of SI violation&
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�T (n̂) = [1 +M(n̂)]�T SI(n̂)

M(n) : modulation field  searched M(n̂) =
X

LM

mLMYLM (n̂)

Focus only on L=1 Dipole Modulation in 2014  

�T (n̂) = [1 +A (p̂.n̂)] �T SI(n̂)

m1 =
|m10|2 + |m11|2 + |m1�1|2

3
A = 1.5

r
m1

⇡
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Dipole&modula7on&power&sta7s7cs&
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Inferred&Direc7ons&&
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Planck 2013 

no different from 
the tail of any 
ordinary cow !!! 
What is all the 
talk about ? 



!  Excess&&seen&in&‘natural’&&L=1&&BipoSH&spectra&
–  Not)a)‘designer)sta2s2cs’)for)specific)signal)()analog)of))flat)band)power)Cl ))
–  Gaussian)sta2s2cs)of)flat)band)power)es2mates)
–  Analysis)up)to)high)mul2poles)(l < 1024));))zoom)in)with)finer)resolu2on)bands))
–  )non)zero)BipoSH)spectra)within)low)mul2pole)band)[2K256])))at)2)to)3σ)
)

!  Dipolar&modula7on&in&Planck&in&2014&persists&(A~0.07 at p=0.006)&
–  Consistent)with)2013)results)of)scale)dependent)amplitude))
–  Analysis)extended)to)higher)mul2poles)up)to)1024)))[)2014])
–  absence)of)significant))power)in)the)mul2pole)bins)) l >)64))&[2014]&
–  Frequency)independent)KK100,)143,)217)GHz)SEVEM)maps)&[2014]&

There persists evidence of an interesting effect that may signal new physics and 
merits continued attention 
  
Should explore estimating BipoSH spectra simultaneously with Cl 

&
Paolo&Natoli’s&talk&yesterday)

!  More&specific&searches:&&ML&search&for&Dipolar&modula7on&&&&
&&&(results&consistent&with&2013,&&Polariza7on&does&not&provide&extra&info&yet)&
!  `Look&elsewhere’&effect&can&be&invoked.&&Including&it&the&PTE&will&be&reduced&slightly&However,&

implementa7on&&&interpreta7on&is&open&to&discussion.&&
�
�
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Summary 



The scientific results that we present today are a product of 
the Planck Collaboration, including individuals from more 
than 100 scientific institutes in Europe, the USA and Canada   

Planck is a 
project of the 

European Space 
Agency, with 
instruments 

provided by two 
scientific 

Consortia funded 
by ESA member 

states (in 
particular the 

lead countries: 
France and Italy) 

with 
contributions 
from NASA 
(USA), and 
telescope 
reflectors 

provided in a 
collaboration 

between ESA and 
a scientific 

Consortium led 
and funded by 

Denmark. 
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Thank&you&!!!&&


