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The effect of phasesThe effect of phases

credits: Peter Coles
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The nonThe non--Gaussian modelGaussian model

Many primordial (inflationary) models of non-Gaussianity can be 
represented in configuration space by the general formula (e.g. Verde et 
al. 2000; Komatsu & Spergel 2001) 

Φ = = φL + fNL * ( φL
2 - <φL

2>)

 where Φ is the large-scale gravitational potential, φL its linear Gaussian 
contribution and fNL is the dimensionless non-linearity parameter (or more 
generally non-linearity function). The percent of non-Gaussianity in CMB 
data implied by this model is

 

 NG % ~ 10-5 |fNL|
<< 1010−−3 3 

fromfrom
WMAPWMAP
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Classify Inflationary Classify Inflationary 
ModelsModels (I)(I)
The shape of the inflaton potential V (φ) 
determines the observables.

It is standard to use three parameters to 
characterize the shape:

ε “slope” of the potential  ∼ (V’/V)2 << 1

η “curvature” of the potential ~V’’/V   << 1

ξ “jerk” of the potential ~(V’/V)(V’’’/V) ~ ε 2 

λ

slow-roll conditions
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Classify Inflationary Classify Inflationary 
ModelsModels (II)(II)

Ratio of tensor to 
scalar modes
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““GenericGeneric”” predictions of single predictions of single 
field slowfield slow--roll modelsroll models vs. WMAPvs. WMAP

Peiris et al. 2003

Each point is a “viable” slow-roll model, able to sustain inflation for sufficient 
e-foldings to solve the horizon problem and make the Universe (nearly) flat.

Monte Carlo simulations following (Kinney 2002) flow-equation technique
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Where does largeWhere does large--scale nonscale non--
GaussianityGaussianity come from?come from?

Falk et al. (1993) found fNL ∼ ξ ∼ ε2 (from non-linearity in the 
inflaton potential in a fixed de Sitter space) in the standard 
single-field slow-roll scenario

Gangui et al. (1994), using stochastic inflation found fNL ∼ ε 
(from second-order gravitational corrections during inflation). 
Acquaviva et al. (2003) and Maldacena (2003) confirmed this 
estimate (up to numerical factors and momentum-dependent 
terms) with a full second-order approach

Bartolo et al. (2004) show that second-order corrections after 
enhance the primordial signal leading to fNL~ 1inflation



June 28, 2004June 28, 2004 20th IAP Colloquium on CMB Physics and 20th IAP Colloquium on CMB Physics and 
ObservationObservation

99

NonNon--GaussianityGaussianity requiresrequires
more than linear theory …more than linear theory …

The leading contribution to higherThe leading contribution to higher--order statisticsorder statistics
(such as the (such as the bispectrumbispectrum, i.e. the FT of the three, i.e. the FT of the three--point point 
function) comes from secondfunction) comes from second--order metric  order metric  
perturbations around the RW background (unless the perturbations around the RW background (unless the 
primordial nonprimordial non--GaussianityGaussianity is very strong)is very strong)

“… the linear perturbations are so surprisingly simple that a perturbation
analysis accurate to second order may be feasible …”    (Sachs & Wolfe 1967)
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FirstFirst--orderorder metric perturbations in metric perturbations in 
the Newtonian gauge (the Newtonian gauge (dust casedust case))
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SecondSecond--orderorder metric perturbations metric perturbations 
in the Poisson gauge (in the Poisson gauge (dust casedust case))
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Extended to fully non-linear scales by
Carbone & Matarrese (2004)
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NonNon--GaussianityGaussianity from from 
Inflation: results (I)Inflation: results (I)

The amount of non-Gaussianity from a wide class of models, 
including single-field slow-roll inflation, curvaton (Mollerach 1990; 
Moroi & Takahashi 2001; Enqvist & Sloth 2002; Lyth & Wands 
2002) and modulated reheating (Hamazaki & Kodama 1996; Dvali
et al. 2003; Zaldarriaga 2003; Kofman 2003), once second-order 
effects are accounted for, follows a universal relation.

One should also account for i) the largeOne should also account for i) the large--scale (Sachsscale (Sachs--WolfeWolfe--like) like) 
secondsecond--order temperature fluctuations (order temperature fluctuations (MollerachMollerach & & MatarreseMatarrese
19971997), ii) the second), ii) the second--order intrinsic temperature anisotropies at order intrinsic temperature anisotropies at 
lastlast--scattering, and for iii) the effect of angular deflection in scattering, and for iii) the effect of angular deflection in 
angular averaged relations, i.e. the firstangular averaged relations, i.e. the first--order metric determinant order metric determinant 
((BartoloBartolo et al. 2004et al. 2004) ) 
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Evaluating nonEvaluating non--GaussianityGaussianity
from inflationfrom inflation

Evaluate non-Gaussianity during inflation by a self-consistent second-
order calculation.

Evolve scalar (vector and tensor) perturbations to second order after 
inflation outside the horizon, matching a conserved second-order 
gauge-invariant variable, such as the comoving curvature 
perturbation ζ(2) defined by Malik & Wands (2004), or the similar 
quantity defined by Salopek & Bond (1990), ζ(2)

SB = ζ(2)|ρ −2 (ζ(1))2, to its 
value at the end of inflation (accurately accounting for the Universe 
reheating after inflation).

Evolve them consistently inside the horizon this should involve a 
calculation of the radiation transfer function to second order!
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LargeLarge--scalescale secondsecond--order order 
CMB anisotropies CMB anisotropies 

∆T/T = (φ + τ)E – φE
2/2 + φEτE + integrated effects

((PynePyne & Carroll 1996, & Carroll 1996, MollerachMollerach & & MatarreseMatarrese 19971997))

expand expand φφ and and ττ to second orderto second order

  φ = φφ = φ(1)(1) + φ+ φ(2)(2)/2,         τ = τ/2,         τ = τ(1)(1) + τ+ τ(2)(2)/2 /2 

 ∆T/T =(1/3)[φ(1)
E + φ(2)

E/2 – 5(φ(1)
E)2/6]

and estimateand estimate φφ(2)(2) from inflation and postfrom inflation and post--inflation dynamicsinflation dynamics
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NonNon--GaussianityGaussianity from from 
Inflation: results (II)Inflation: results (II)

∆T/T = 1/3 (φL + φNL)

φNL = fNL * φL
2 + const.

fNL = f NL
0 - 3(k1

4+k2
4)/2k4+ (k1

. k2 / k2) .
.[4 - 3 (k1

. k2 / k2)],           k = k1 + k2     

Sachs-Wolfe limit; replaced by full 
transfer function in CMB maps
Sachs-Wolfe limit; replaced by full 
transfer function in CMB maps
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NonNon--linearity parameterlinearity parameter

Standard single-field slow-roll inflation:
fNL

0 = 7/3 

Curvaton scenario:
fNL

0 = 2/3 - 5r /6 + 5/4r 

Modulated (inhomogeneous) reheating scenario:
fNL

0 = 13/12 – I

r = ratio of curvaton to radiation 
energy-densities at curvaton decay

I = 0  for the minimal case
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Inflation modelsInflation models yielding yielding 
ffNLNL ~ 100 (adiabatic mode)~ 100 (adiabatic mode)

Multi-field inflation (Bartolo et al. 2002; Bernardeau & Uzan 2002; 
Bernardeau et al. 2004; Enqvist & Vaihkonen 2004; Rigopoulos & 
Shellard 2004) giving rise to a cross-correlated and generally non-
Gaussian mixture of isocurvature and adiabatic perturbations 
(constrained by WMAP data; Komatsu, Spergel & Wandelt 2003)

unconventional models:

Higher-order operators (Creminelli 2003)

Ghost inflation: inflation driven by a ghost condensate (Arkani-
Hamed et al. 2004) 

D-cceleration: strong coupling QFT effects sum to provide a Dirac-
Born-Infeld action for the inflaton (Alishahiha et al. 2004; Silverstein & 
Tong 2004)
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Inflation models and Inflation models and ffNLNL

-- 0.1 0.1 γγ22DD--ccelerationcceleration

postpost--inflation corrections not inflation corrections not 
includedincluded-- 140 140 β αβ α--3/53/5ghost inflationghost inflation

secondsecond--order corrections not order corrections not 
includedincludedtypically 10typically 10--11warm inflationwarm inflation

13/12 13/12 –– I I -- g(g(kk11, , kk22))modulated reheatingmodulated reheating

r ~ (r ~ (ρρσσ//ρ)ρ)decaydecay2/3 2/3 -- 5r/6 + 5/4r5r/6 + 5/4r -- g(g(kk11, , kk22))curvatoncurvaton scenarioscenario

g(g(kk11, , kk22)=)=3(k1
4+k2

4)/2k4+(k1
. k2) . 

[4-3(k1
. k2)/k2]/k2,    k=k1+k2

7/3 7/3 –– g(g(kk11, , kk22))singlesingle--field inflationfield inflation

commentscommentsfNL(k1,k2)

postpost--inflation corrections not inflation corrections not 
includedincluded

““unconventional” inflation setunconventional” inflation set--upsups

multimulti--field inflationfield inflation order of magnitude estimate of order of magnitude estimate of 
the absolute valuethe absolute value

I = I = -- 5/2 + 55/2 + 5Γ / (12 αΓΓ / (12 αΓ11))
I = 0      (I = 0      (minimal caseminimal case))

modelmodel

up to 10up to 1022
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Influence of superInfluence of super--horizon scales horizon scales 
on subon sub--horizon observableshorizon observables
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Further scale-dependent non-Gaussianity is produced
by the cross-talk of super-horizon and sub-horizon 
scales, provided one accounts for the coloured 
(non-Markovian) nature of the sub-horizon quantum noise.

Using the techniques of out-of-equilibrium field theory one finds memory effects which 
produce: a blue tilt (Liguori, Matarrese, Musso & Riotto 2004) of  the power-spectrum 
on the largest scales and an excess of non-Gaussianity also on large scales, whose 
size depends on the overall duration of inflation (Matarrese, Musso & Riotto 2004).
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overall duration of inflation
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NonNon--GaussianGaussian CMB CMB anisotropiesanisotropies::
mapmap makingmaking

LiguoriLiguori, , MatarreseMatarrese & Moscardini 2003, & Moscardini 2003, ApJApJ 597597, 56, 56

assume assume mildlymildly nonnon--GaussianGaussian largelarge--scalescale potentialpotential
fluctuationsfluctuations

)()()( 2 rrr LNLL f Φ+Φ=Φ
account account forfor radiativeradiative transfertransfer

( ) )ˆ()(2 *
ˆ

2 rr mrm Ydrrdra λλλ ΦΩ∆= ∫∫π
radiation transfer functions harmonic transform: Φlm(r)
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SphericalSpherical coordinatescoordinates in in realreal
space (I)space (I)

Work directly with multipoles in real
space (to avoid Bessel transform and 
Cartesian coordinates)

1. generate white noise coefficients nlm(r)
2. cross-correlate different nlm(r) by a

convolution with suitable filters Wl(r,r1)  

( ) ( ) ( )11
2

11 , rnrrWrdrr mm λλλ ∫=Φ
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SphericalSpherical coordinatescoordinates in in realreal
space (II)space (II)

band-pass filters Wl(r,r1)

( ) ( )1
2

1 )()(, krjkrjkPkdkrrW λλλ Φ∫=

linear gravitational potential power-spectrum

Wl(r,r1) does not oscillate as fast as jl(kr)
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OutlineOutline of the codeof the code

1. precompute transfer functions (extracted
from CMBfast) for a given model

2. precompute filters Wl(r,r1) 

3. generate white-noise coefficients nlm(r)

4. correlate white-noise coefficients to find
multipoles ΦL

lm(r)  and then extract ΦNL
lm(r)

5. obtain CMB multipoles by convolving with
radiation transfer function



June 28, 2004June 28, 2004 20th IAP Colloquium on CMB Physics and 20th IAP Colloquium on CMB Physics and 
ObservationObservation

2525

CPU time for a single mapCPU time for a single map

lmax

CPU time
(hh:mm) *

harmonic 
transform
(hh:mm) Nside

300 00:08 00:06 128
500 00:40 00:32 256
750 01:08 01:00 256
1500 17:34 16:00 512
3000 137:30 134:30 1024

* parallelization of the code is in progress
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NonNon--Gaussian CMB maps: Gaussian CMB maps: 
Planck resolutionPlanck resolution

LiguoriLiguori, , MatarreseMatarrese & Moscardini 2003, & Moscardini 2003, ApJApJ 597597, 56, 56

5’ resolution
lmax = 3000, Nside=2048
5’ resolution
lmax = 3000, Nside=2048

fNL = 3000fNL = 3000

fNL = 0fNL = 0

fNL = - 3000fNL = - 3000
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PDF of the NG CMB mapsPDF of the NG CMB maps
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Observational constraints Observational constraints 
on on ffNLNL

The strongest limits on non-
Gaussianity so far come from WMAP 
data. Komatsu et al. (2003) find (at 
95% cl)  

According to Komatsu & Spergel
(2001) using the angular bispectrum
one can reach values as low as                             

with WMAP & 
with Planck can be achieved

The role of the fNL momentum-
dependent part is being explored 
(Liguori, Matarrese & Riotto 2004) as 
a characteristic inflation signature 
refcelting in some specific triangle 
configuration of the bispectrum

Komatsu et al. 2003

- 58 <  fNL < 134

|fNL| = 20 |fNL| = 5
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Statistical analysis of NG Statistical analysis of NG 
CMB maps vs. WMAPCMB maps vs. WMAP

Cabella P., Liguori M., Hansen F., Marinucci D., Matarrese S., Moscardini L. & Vittorio N. 2004

Local curvature of 
CMB anisotropies

21030 ±=NLf

Density of hills (where the Hessian Density of hills (where the Hessian 
eigenvalueseigenvalues are both positive) as a are both positive) as a 
function of the threshold function of the threshold νν, for , for 
different values of different values of ffNLNL. The grey band . The grey band 
is the 1is the 1σσ confidence level. The solid confidence level. The solid 
crosses are the crosses are the WMAPWMAP data. One data. One 
findsfinds

at the 2at the 2σσ levellevel
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SecondSecond--order effects from scalar order effects from scalar 
modes & Bmodes & B--mode polarizationmode polarization

 1e-21

 1e-20
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gravitational lensing

primordial 
gravitational waves

secondary vector & 
tensor modes

The B-mode polarization 
produced by primordial 
gravitational waves can 
be hidden by gravitational 
lensing and/or by second-
-order vector and tensor 
modes, unless the inflation 
energy scale is larger than 
1015 GeV

Mollerach, Harari & Matarrese 2004, Phys. Rev. D 69 063002
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Conclusions & future Conclusions & future 
prospectsprospects

Contrary to earlier naive expectations, some level of non-Gaussianity is generically 
present in all inflation models   

The level of non-Gaussianity predicted in the simplest inflation models is slightly below 
the minimum value detectable by Planck, but the predicted angular dependence of fNL,
extensive use of simulated non-Gaussian CMB maps, measurements of polarization and 
use of alternative statistical estimators might help non-Gaussianity detection down to 
fNL ~ 1

Constraining or detecting non-Gaussianity will become a powerful tool to discriminate 
among competing scenarios for perturbation generation (standard slow-roll inflation, 
curvaton and modulated-reheating scenarios, multi-field or ghost inflation, …) some of 
which imply large non-Gaussianity

Accounting for the presence of sizeable non-Gaussianity in maximum likelihood 
analyses might change the estimated value of cosmological parameters

Predicting or constraining non-Gaussianity should be considered as a branch of 
Precision Cosmology
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